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Structural analysis of fault systems in the Weald and Hampshire Basins using published
geological maps of south-eastern England
SALAH ELDIN. M. ELGARMADI 1, MOHAMED. S. BENSHATWAN 2, GRAHAM. J. POTTS 3, AND RICHARD.
H. WORDEN 3.
1 Earth and Environmental Sciences Department, Faculty of Sciences, Elmergib University, Al-Khums,
Libya. 2 Earth Sciences Department, Faculty of Sciences, Benghazi University, Benghazi, Libya. 3.
Department of Earth, Ocean and Ecological Sciences, School of Environmental Sciences, University of
Liverpool, Liverpool, UK.

:الخالصة
حٕٛنٕظٛا ٔانًٕظٕقج تانفهائظ انعَٛطاٚه تعُٕب تهٛهك ٔانٓايشٍٕٚ انٛثٍٛ انرهسٛ كال يٍ انؽٕضٙم انًؼهٕياخ انًرؼهمح تانصكٔع فٛذى ذؽه
 ذى.ح انًرأشهج تانصكعٚها انٕؼكاخ انصفهٛ ٔأـ، اذعاِ انصكع، طٕل أشه انصكع،غ يؼهٕياخ ٔلنك نكم صكع ػٍ َٕع انصكعًٛ ذى ذع.حًٛانهل
 ْما.حٛح ٔانفطًٍٛ انًؽأن انهٕغانذٛم اطٕل انصكٔع ٔلنك تا نُسثح نهصكٔع انًالؼظح ٔكمنك انصكٔع انًسرُرعح تاسرفكاو انًىض تٛذؽه
هٚ طٕل أشه انصكع اسرفكو نرمك.م انصكٔعٛه يٕشٕق تٓا ٔنمنك ذى اسرصُاؤْا فًٍ ذؽانٛاَاخ نهصكٔع انًسرُرعح كاَد غٛم ٔضػ اٌ انثٛانرؽه
ها يٍ انصكٔع نٓا انذفاع أكصه يٍ سًك انؽٕضٕٛضػ ػكقاً صغٚ مٛ ْما انرؽه.ٍ انطٕل ٔاالنذفاعٛانذفاع انصكٔع تاسرفكاو َسة يفرهفح ت
هٚح فاَّ ذى اسرفكو اطٕل اشان انصكٔع نرمكٛح ٔانصكٔع انًضهتٚ تاسرؼًال انؼاللاخ انًُشٕنج نهصكٔع انؼاق.ٓإٚؽرٚ ٙ ٔانطثماخ انرٙانهسٕت
حٚح نهرراتؼاخ انصفهٚغ انصكٔع ٔنهصكٔع انًالؼظح ػهٗ شكم سهسهح يٍ االشكال انٕنقًٛم اذعاِ يضهب انصكٔع نعٛ ذى ذًص.إواؼرٓا
ٙ ٔتاإلشانج انٗ االـرالف انًهؽٕظ ف، ًَظ االذعاْاخ نهصكٔع انًسرُرعح ْٕ يفرهف ػٍ انصكٔع انًالؼظح. ػكو ذٕافكٙانًفصٕنح تسطؽ
اخ األصغه ذى اوانرٓإٚ انًسرٙٓا فٛ األًَاط انًرؼهف ػه.ؿ انرشٕج ذى تاالػرًاق ػهٗ انصكٔع انًالؼظحٚ نمنك ذان،أطٕل آشان انصكٔع
 ػكوٙح انًفصٕنح تسطؽٚح نكم يٍ انرراتؼاخ انصفهٛسٛك األًَاط انهئٚم ذؽكٛ نمك أيكٍ يٍ ْما انرؽه.تفطٕاط يُظًح يٍ انرراتؼاخ االلكو
م أًَاطٛك يٍ يصاقن انفطأ اال آَا لاقنج ػهٗ ذؽهٚرٓا ٔانؼكٚمح نٓا يؽكٔقٚ ػهٗ انهغى يٍ اٌ انطه.ك ػًه اذعاْاخ انصكٔعٚذٕافك ٔذؽك
 تاذثاع ْما انُٓط أيكٍ انرؼهف انٗ شالز يهاؼم.ح انًٕشٕق تٓإٛنٕظٛ ذسرؼًم اإلظهاءاخ انعٙمح يُظًح ٔلاتهح نالسرُساؾ ٔانرٚانصكٔع تطه
ٍِ نهصكٔع ًْٔا شهق شًال شهق – غهب ظُٕب غهب شهق ظُٕب شهق – غهب شًال غهب ْمٛٛسٍٛ نئْٛٛ اذعا.ؿ انرصكعٚيٍ ذان
ٗ ذى انرؼهف ان.ّ انشكٛمرهغ آَا يٍ انًًكٍ يرىايُح أ يا تؼك ػًهٚ  ْما.ح أصغه ػًهاٚهك ٔال ذمطغ أ٘ ٔؼكاخ صفانٕٚذمطغ يعًٕػح ان
 شهق، شهق شًال شهق – غهب ظُٕب غهب ( يفرهف ػًا سثك) شًال شهق – ظُٕب غهب، شًال – ظُٕبْٙٔ انتغ اذعٓاخ نهصكٔع
ٙراسٚك انؼًه نٓا ػهٗ اَّ يرىايٍ أ تؼك انؼصه انكهٚ– شهق ظُٕب شهق – غهب شًال غهب ( يهج اـهٖ يفرهف ػًا سثك) ٔ ذى ذؽك
ٙ ْمِ انصكٔع يٍ انًًكٍ اٌ ذًصم يهؼهح يرأـهج يٍ انرصكع أ يهؼهح يثكهج يٍ َشأج انؽٕض انهسٕت. ٍٕٛسٛٔأصغه ػًها يٍ انثان
ٓا تاذعاِ شًال شًال شهق – ظُٕب ظُٕب غهب ٔ شًال شهق – ظُٕب غهب ٔ ذى اسُاق ػًهٍٛ ذى انرؼهف ػهُٛ اذعاْاٌ اش.انًؼكٕي
رى انرًكٍ يٍ انؽصٕل ػهٗ قلحٚ  نى، نسٕء انؽع.ح تؼك اَؼكاي انؽٕضَٕٛ ٔ نتًا ذًصم انركرٙ س االصغه يٍ ػكو انرٕافك االنثٚانؼصه انؽك
.اَاخ انًراؼحٛأكثه يٍ ْما نٓمِ نهث

.حٛثٛؿ االؼكاز انرهكٚذان،حًٛح انهلٕٛنٕظٛ انفهائظ انع، انصكٔع،ٙثٛم انرهكٛ انرؽه: الكلمات المفتاحية
ABSTRACT:
An analysis of the information associated with the faults in the Wealden and Hampshire basins of
southeastern England contained in digital geological maps is presented. For each fault, information about the
fault trace length, fault orientation and strata affected by the fault were extracted. The fault lengths for both
the observed and the inferred faults were analyzed graphically using various combinations of linear and
logarithmic axes. This analysis showed that the data for inferred faults were unreliable and they were not
used in any subsequent analysis. The fault trace lengths were used to estimate faults heights using different
aspect ratios. This analysis showed that only a small number of faults had heights comparable to the
thickness of the basins and the stratigraphy that they contain. Using published relationships for normal and
strike-slip faults the fault trace lengths were used to estimate faults displacements. Fault strike orientations
for all faults and for observed faults were presented as a series of rose diagrams for three stratigraphic
intervals separated by the two principal unconformity surfaces. The orientation patterns of the inferred faults
are different to the observed faults and analysis was restricted to faults classified as observed from which a
possible deformation history was produced. Modes identified in the younger intervals were removed in a
stepwise fashion from the older sequences. From this analysis it was possible to identify the main modes in
each of the three stratigraphic sequences that are separated by the two unconformities surfaces and assign
ages to the fault directions. Although the method has limitations and several sources of error it does analyse a
population of faults in a systematic and reproducible way that uses an established geological procedure. A
three-stage faulting history has been identified by this approach. Two fault orientations trending ENE-WSW

6

ALQALA

Issue(17) DEC 2021

2221 ) ديسمبر17( العدد

مجلة القلعة

and ESE-WNW, cut parts of the Wealden Group but no younger units. This suggests that they are possibly
syn-or post-Wealden, pre-Lower Greensand Group in age (Lower Cretaceous (Ryazanian to Barremian)) and
they may be related to rifting. Four fault orientations, N-S, ENE-WSW, NE-SW, E-W and ESE-WNW have
been identified and assigned a syn-or post-Cretaceous, pre-Palaeocene age. These faults may represent the
later stages of rifting or the early stages of basin inversion. Two fault orientations NNE-SSW and NE-SW
have been assigned a Cenozoic age younger than the Alpine unconformity and they may represent postinversion tectonics. Unfortunately, greater temporal resolution could not be achieved with this dataset.Key
Words: Structural analysis, Faults, digital geological maps, Deformation history

Introduction.
In order to understand the complex structural history of the Weald and Hampshire Basins ; two methods were
adopted ; the interpretation of published geological maps and fieldwork. This paper describes the procedures
followed during analysis of the published geological maps and the results obtained. The structural history of
the Weald and Hampshire Basins obtained from field data will be addressed in a separate paper. The analysis
of geological features from paper-based geological maps is often limited to non-quantitative, largely
subjective information (Bolay et al., 2000). For this reason, more quantitative approaches were used in this
study and the analysis of the published geological maps was undertaken using digital geological maps and
ArcGIS software. The technique of the seismic analysis was not used due to the availability of data and the
resolution required for details analysis (3D seismic sections).
Despite the limitations associated with the two-dimensional nature of the fault traces displayed on geological
maps the analysis used does provide estimates of fault height and fault displacement which may be used to
constrain interpretations. The analysis of fault orientation used in this paper analyses a population of faults in
a systematic and reproducible way that uses an established geological procedure leading to an independent
model of fault ages that may be compared with other methods.

Stratigraphic Framework.
In order to understand the structural evolution of the basins it is important to provide a summary of the
stratigraphic framework of the Weald and Hampshire Basins. The geographical positions of these basins is
shown in Figure 1.

Figure 1. Simplified map showing the approximate, present day positions of the Weald and Hampshire
basins in southeastern England.

The Weald Basin began to form during the Triassic when it was bordered by the Anglo-Brabant Massif to the
north and and the Hampshire-Dieppe High to the south (Mansy et al., 2003).
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At present Triassic sediments are only found in the western part of the study area to the west of the Isle of
Wight, where they form a constituent part of the Wessex Basin. Triassic rocks are not encountered in the
eastern portion of the Weald Basin where Jurassic rocks (Liassic) rest directly on rocks of Palaeozoic age
(Edmunds et al., 1954; Gallois, 1965). During the Ryazanian to Barremian the late Cimmerian unconformity
was formed (Chadwick, 1986; Chadwick and Evans, 2005). This unconformity separates the Wealden and
the Lower Greensand Groups. Therefore, the Wealden sequence is represented by a succession that extends
from the Triassic to the Cretaceous. The upper part of this sequence (lower Cretaceous – upper Cretaceous) is
exposed along the coast line of the Isle of Wight and in the section from Brighton to Deal where older parts
of the sequence are found in the subsurface.
The Hampshire Basin was formed during the Cenozoic and it is represented by a Cenozoic sequence. This
succession is separated from the underlying Cretaceous sediments by the Alpine unconformity (Underhill and
Stoneley, 1998). Figure 2 shows a compilation of the lithostratigraphy of the study area. Key aspects of this
stratigraphic framework are used in the following sections.

Fault Analysis Using Published Geological Maps.
The British Geological Survey (B.G.S.) supplies two types of geological map, B.G.S. digital geological map
datasets and paper publications. The digital geological maps which are known as DiGMapGB-50 were
published by the B.G.S. in 2006, and these were preferred for their clarity, precision, and the ease with which
information could be extracted. The only disadvantage is that they contain no information about faults, in
terms of the amount and direction of dip.
Thirty-eight digital geological maps with a scale of 1 :50 000 have been used to study the fault system in the
Weald and Hampshire Basins. Table 1. Lists the maps used in this study, and their geographical distribution
is shown in Figure 3.

Digital geological map database.
Figure 4 A and B show examples of a digital geological map. The maps were viewed using ArcGIS software.
The information contained in the geological map is categorised as bedrock geology (formerly known as
'solid' geology by the B.G.S.), superficial deposits, areas of mass movement, and artificial (made) ground.
A separate theme is available for the linear features such as fault traces and fold axes. Figure 5 shows the
pattern of fault traces in southeast England extracted from the 38 maps combined and plotted using ArcGIS
software.
Examples of the database that exists for digital geological maps for both bedrock geology and linear features
(fault traces) are given in Tables 2 and 3 respectively. All 2101 faults on the 38 maps were reported by the
B.G.S. as normal faults and whether these faults are inferred or were observed is recorded in the attributes
table. In this analysis every fault marked by start and end points has been given an individual name
consisting of three letters (Figure 6). A number of these recorded faults (inferred or observed) are displayed
as continuous lines, but they are not continuous and instead they comprise several segments that are stored
digitally as shown in Figure 7A. Special attention was given to faults which appear on more than one
adjacent map, so that the same fault was given the same fault name and the appropriate information
associated with these fault segments could be combined together (Figure 7B).
For each fault a start point and an end point have been identified. The X and Y coordinates for both start and
end points have been obtained using ArcGIS software. These coordinates have been used to calculate length
and orientation (bearing) of each fault as shown in, Table 4. Fault length and fault orientation were calculated
for all
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LITHOLOGY

NOT PRESENT
RUPELIAN

BOULDNOR FORMATION
BEMBRIDGE LIMESTONE

PRIABONIAN

SOLENT GROUP

HEADON HILL
BARTONIAN

BECTON SAND

BARTON GROUP

EOCENE

PALEOGENE

TERTIARY

CENOZOIC

BARTON CLAY

BOSCOMBE SAND
LUTETIAN

SELSEY SAND

BRANKSOME SAND
BRACKLESHAM GROUP

MARSH FARM
POOLE

EARNLEY SAND
WITTERING

YPRESIAN

LONDON CLAY
THAMES GROUP

PALEOCEN

HARWICH
THANETIAN

LAMBETH GROUP

READING AND WOOLWICH

SELANDIAN
ALPINE UNCONFORMITY
DANIAN
PORTSDOWN CHALK

UPPER CRETACEOUS

CAMPANIAN

CULVER CHALK
NEWHAVEN CHALK

SANTONIAN
CONIACIAN

SEAFORD CHALK

CHALK
GROUP

LEWES NODULAR CHALK
NEW PIT CHALK

TURONIAN

HOLYWELL NODULAR CHALK

ZIG ZAG CHALK

CRETACEOUS

WEST MELBURY CHALK
UPPER GREENSAND
ALBIAN

LOWER CRETACEOUS

MESOZOIC

CENOMANIAN

GAULT

LOWER GREENSAND GROUP

CARSTONE

FOLKESTONE

SANDROCK

SANDGATE

FERRUGINOUS SANDS

HYTHE

ATHERFIELD CLAY

ATHERFIELD CLAY

APTIAN

LATE CIMMERIAN UNCONFORMITY

BARREMIAN
WEALD CLAY

HAUTERIVIAN

VECTIS

TUNBRIDGE WELLS SAND
WEALDEN GROUP
VALANGINIAN

WADHURST CLAY
WESSEX
ASHDOWN

RYAZANIAN

Figure 2. Generalized lithostratigraphyof the study area based on Daley and Balson, 1999; Edmunds et
al., 1954; Insole et al., 1998; Mortimore, 1997; B.S.G, 1995.
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Table 1. Digital geological maps, scale of 1:50 000, which were used to study the fault system in
southeast England.

1
EW267_newbury_v5 18
EW298_salisbury_v5
2
EW268_reading_v5
19
EW299_winchester_v5
3
EW269_windsor_v5
20
EW300_alresford_v5
4 W270_south_london_v5 21
EW301_haslemere_v5
5
EW271_dartford_v5
22
EW302_horsham_v5
6
EW272_chatham_v5
23
EW303_tunbridge_wells_v5
7 EW273_faversham_v5 24
EW304_tenterden
8
EW274_ramsgate_v5 25
EW 305-306 folkestone and dover
9
EW282_devizes_v5
26
EW314_ringwood_v5
10
EW283_andover_v5
27
EW315_southampton_v5
11 EW284_Basingstoke_v5 28
EW316_fareham_v5
12 EW285_guildford_v5 29
EW317_332_chichester
13
EW286_reigate_v5
30 EW318_333_brighton_and_worthing_v5
14 EW287_sevenoaks_v5 31
EW319_lewes__v5
15 EW288_maidstone_v5 32 EW320_321_hastings_and_dunge-ness
16 EW289_canterbury_v5 33
EW329_bournemouth_v5
17
EW290_dover_v5
34
EW330_lymington_v5
35 EW331_portsmouth_v5 37
EW344_chale_v5
36 W334_eastbourne_v5 38
EW345_ventnor_v5
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Figure 3. Map of southern England showing the geographical distribution of the 38 digital geological
maps, (1:50000 scale) used in this study.

A
B
Figure 4. An example of a digital geological map. A. Digital geological map viewed in ArcGIS software.
B. Digital geological map after being exported to an image file, the lines are fault traces, and the dots
the start and the end points of the fault trace. Map EW 320 – 321, Hastings and Dungeness, Scale
1:50000 (B.G.S., 2006c).

Figure 5. Fault trace pattern in southeast England based on 38 geological maps, plotted using ArcGIS
software.
Faults on the 38 maps. Fault orientations (bearing) for arcuate faults were calculated using a straight line
between the start and end points (Figure 6). In the case of straight-line faults, the actual fault length will be
exactly that has been measured by the ArcGIS software, but in the case of curved faults (Figure 6 A) the
calculated length maybe much shorter than the actual fault length.
Those faults that start within the study area but end outside it, (termed peripheral faults) have been eliminated
from the data base, as well as faults surrounded completely by superficial deposits (Figure 8 B). These faults
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were removed because either information was not complete (in the case of the peripheral faults) or, because
of the absence of stratigraphic information on the rocks affected by the fault below superficial deposits.

Figure 6. Fault orientation (bearing) and fault length for arcuate faults were calculated as a straight
line between the start and end points.

A

B

Figure 7 A. Two examples of faults that are each comprised of three segments but appear continuous,
map EW 320 – 321, Hastings and Dungeness, Scale 1:50000. B. An example of faults that appear on
more than one map, EW 273 Faversham and EW 289, Canterbury, scale 1:50000 (B.G.S., 2006a, d)
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Table 2. An example of an “attributes” table for two bedrock units (Weald Clay Formation and
Hythe Formation) formed within the study area. This data can be obtained from the digital geological
map.
RCS_D

RANK

BED_EQ

BED_EQ_D

MB_EQ

MB_EQ_D

FM_EQ

FM_EQ_D

SANDSTONE
(UNDIFFERENTIATED)

FORMATION

Not Ap.

Not Applicable

Not Ap.

Not Applicable

WC

WEALD CLAY
FORMATION

LIMESTONE and
SANDSTONE
(UNDIFFERENTIATED)

FORMATION

Not Ap.

Not Applicable

Not Ap.

Not Applicable

HY

HYTHE
FORMATION

SUBGP_EQ

SUBGP_EQ_D

GP_EQ_D

W

LGS

SUPGP_EQ

SUPGP_EQ_D

MAX_TIME_D

MIN_TIME_D

WEALDEN
GROUP

No Parent

HAUTERIVIAN

BARREMIAN

LOWER
GREENSAND
GROUP

No Parent

APTIAN

APTIAN

MAX_TIME_Y

MIN_TIME_Y

MAX_INDEX

MIN_INDEX

MAX_AGE

MIN_AGE
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Table 3. An example of an “attributes tables” for a fault within the study area, obtained from a digital
geological map.
CATEGORY

FEATURE

FEATURE_D

SHEET

VERSION

FAULT

Normal_ Obs.

Normal fault, observed

EW305_306_folkestone_and_dover_V3

3.14

FAULT

Normal_ Inf.

Normal fault, Inferred

EW305_306_folkestone_and_dover_V3

3.14

Table 4. Examples of fault position, orientation (bearing) and length, obtained from a digital geological
map.
RELEASED

NOM_SCALE

NOM_OS_YR

NOM_B.G.S._YR

MSLINK

50000

1945

1974

105101

50000

1945

1974

105101

05-4-2006

05-4-2006

A

B

Figure 8 A. An example of peripheral faults, map EW320-321, Hastings and Dungeness, scale 1:50000
(B.G.S., 2006b). B. Faults surrounded completely by superficial deposits, map EW 320 – 321 Hastings and
Dungeness, scale 1:50000 (B.G.S., 2006b).
After extracting information about fault length and orientation, it was important to acquire information about the
stratigraphy which has been affected by the faulting. For this reason, a query (code that is sent to a database in
order to get information back from the database) has been built using the ArcGIS software to obtain the required
information on both sides of each fault. These data were filtered by recording the oldest and the youngest
formation on each side of the fault as shown in Table 5. This was used later in the analysis to determine the fault
age.
Table 5. Fault length in metres and stratigraphic units on either side of the fault, for the faults presented
in Table 4.

Fault Size Analysis.
Fault size analysis was carried out using the fault traces displayed on the digital geological maps (Table 1 and
Figure3). The fault trace is a way of estimating the fault dimensions and displacement that can be used later in
the analysis. In the following sub-sections fault lengths, fault heights and fault displacements will be analyzed
and discussed.
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Fault length analysis.
Many authors have studied fault lengths using both fieldwork (Cladouhos and Marrett, 1996; Gudmundsson,
1987) and sub-surface data and models (Mansfield and Cartwright, 2001).
The statistical analysis of fault attributes is an important tool in the analysis of faults and their growth, (e.g.
Cladouhos and Marrett, 1996; Kim and Sanderson, 2005; Polit et al., 2009; Schultz and Fori, 1996; Soliva and
Benedicto, 2005; Wojtal, 1996). Fault geometry in 3D is shown in Figure 9 which also displays the
nomenclature of Kim and Sanderson, (2005) which has been used in this study, where (L) is fault length, (L')is
fault trace length (H) is fault height, and (H') is fault trace height. Fault trace length is the fault length exposed
on an arbitrary sub-horizontal surface and fault length, is the longest horizontal or sub-horizontal dimension of
the fault surface (Figure 9). Fault height is the longest dimension of the fault plane measured in a cross-section
normal to its strike, and fault trace height is the exposed length in cross-section.

FAULT SIDE 1

FAULT SIDE 2

FAULT LENGTH (m)
OLDEST

YOUNGEST

OLDEST

YOUNGEST

921.5

HOLYWELL
NODULAR CHALK

LEWES NODULAR
CHALK

ZIGZAG CHALK

LEWES NODULAR
CHALK

4069.2

NEW PIT CHALK

LEWES NODULAR
CHALK

NEW PIT CHALK

LEWES NODULAR
CHALK

135.9

ASHDOWN
FORMATION

WADHURST CLAY
FORMATION

WADHURST CLAY
FORMATION

WADHURST CLAY
FORMATION

Figure 9. Fault geometry in 3D, where (L) is fault length, (L') is fault trace length, (H) is fault height, and
(H') is fault trace height (after Kim and Sanderson, 2005).
The fault trace length data presented in this section were obtained from the detailed study of 38 digital geological
maps. The faults which have been analyzed for fault trace length are shown in the map in Figure 5. The faults
have been divided into two groups ; inferred and observed faults. This classification forms part of the B.G.S.
digital map database. Fault trace length varies considerably, from 6 m up to a maximum of 6975 m for the
observed faults, and from 10 m up to a maximum of 17279 m for the inferred faults. In order to understand the
characteristic of the observed fault and the inferred faults and to allow assessment of the distribution of the fault
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trace lengths (Needham et al., 1996; Nicol et al., 1996; Schultz and Fori, 1996; Watterson et al., 1996; Yielding
et al., 1996) a study of fault trace lengths was completed.
Most published studies of fault length have shown that the fault length populations have a power law
distributions e.g. (Cladouhos and Marrett, 1996; Mansfield and Cartwright, 2001; Needham et al., 1996; Nicol et
al., 1996; Schultz and Fori, 1996; Watterson et al., 1996; Westaway, 1994; Yielding et al., 1996). These studies
focussed on fault trace lengths associated with single surfaces such as coal seams or seismic reflections and it is
possible that the data from multiple horizons displayed on geological maps may be different. Since the
distribution of trace lengths was not known the method of Jolly and Sanderson (1995) was used where fault trace
lengths and cumulative numbers were plotted using various combinations of linear and logarithmic axes (Figure
10). Data that displays a particular distribution should fall on a straight line when plotted using the correct
combination of axes e.g. a population with a power law distribution should plot as a straight-line using log-log
axes (Figure 10 A). This approach can also be used as a quality control method ; data which fails to generate any
straight lines may be in some way flawed.
The data from fault traces classified as inferred form curves on all four graphs and the data was rejected and not
used in any subsequent analysis (Figure 10). Departures from a straight lines in the power law distributions is
probably due to truncation and censoring effects (Heffer and Bevan, 1990). Truncation is caused by the limited
resolution of the data whereas, censoring refers to large fault lengths not being fully represented on the maps
(Watterson et al., 1996; Yielding et al., 1996). If the inferred faults exist, some traces may be too short or too
long and this, together with truncation and censoring, may affect the quality of the data leading to non-linear
arrays of points. The noticeable differences between the curves for the observed faults and the inferred faults in
Figure 10 C further suggests that data from the inferred faults may be erroneous.
The observed fault trace length data obtained from the digital geological maps of southeast England appear to
follow a negative exponential distribution (Figure 10 C). This result must be treated with extreme caution.
Despite using a large and extensive set of fault trace lengths the fault trace lengths barely span two orders of
magnitude and this restricts the conclusions which may be drawn from the data (Heffer and Bevan, 1990;
Watterson et al., 1996; Yielding et al., 1996). Whilst the effects of truncation and censoring are important the
negative exponential distribution may arise from sampling fault trace lengths (H') that are much shorter than true
fault lengths (H).
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Figure 10. Fault traces length populations for observed and inferred faults in southeast England. The
same data is presented in four different ways. A. Log-log axes (power law distribution). B. Log-linear (lognormal distribution). C. Linear-log (negative exponential distribution). D. Linear-linear (normal
distribution).
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Fault height analysis.
This section describes the possible ranges of fault heights in order to examine the role of the faults in controlling
the geometry of the basins. Whilst both inferred and observed fault data are displayed conclusions are only
drawn from the observed faults. In general, the relationship between fault length and fault height has been
reported as an aspect ratio (fault strike dimension / fault dip dimension). This aspect ratio is 2.15 for normal
faults and it has a range from 0.5 to 3.5 for strike-slip and oblique-slip faults (Barnett et al., 1987; Nicol et al.,
1996).
In order to estimate fault height in this study the fault trace lengths displayed on the digital geological maps of
southeast England have been divided by 2.15 assuming that all faults are normal faults (Figure 11 A). By way of
comparison, fault length was also divided by 0.5 and 3.5 assuming that all the faults are strike-slip or obliqueslip faults respectively (Figure 11 B and C). The data are plotted in Figure 11 as fault height frequency curves.
Because most fault trace lengths displayed on the map will under estimate the maximum fault length it follows
that these calculated values will also under estimate the fault heights. Figure 11 shows the number of faults
whose heights exceed a certain value. For example, in Figure 11 A, about 200 (50%) of the observed faults have
heights less than 217 m. Based on this analysis only a very small proportion of the faults are large enough to cut
the whole thickness of the basin and control its gross geometry.
By using the aspect ratio of 0.5 as shown in Figure 11 B, calculated fault heights are very large, more than the
total thickness of the basin. This is obviously unrealistic so this aspect ratio of 0.5 seems to be too low.
Fault Height (m) vs Culmulative number
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Figure 11. Observed and inferred height for mapped faults in the Wealden and Hampshire Basins. A.
Aspect ratio of 2.15 (this assumes that all faults are normal). B. Aspect ratio of 0.5 (strike-slip). C. Aspect
ratio of 3.5 (oblique-slip).

Fault displacement analysis.
In this section the range of possible fault displacements is estimated from the fault trace lengths. Inferences are
drawn from the faults classified as observed but the data obtained from inferred faults are presented for
completeness. As shown in Figure 9 displacement on a fault surface varies from zero at the fault tip to a
maximum displacement at the fault centre (Dmax) (Kim and Sanderson, 2005). Previous work has linked fault
length to the fault maximum displacement by several different relationships that link an increase in fault
displacement with an increase in fault dimensions including linear relationships (Kim and Sanderson, 2005; Polit
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et al., 2009). Best fit lines for two types of faults; normal faults and strike-slip faults provided by Kim and
Sanderson, (2005) are shown in Figure 12. The fault length data presented in the previous section are used in
Figure 12 to give an estimation of the displacements associated with the range of fault trace lengths in the study
area. In this figure faults were first plotted assuming that they are all normal faults (Figure 12 A: observed
faults), (Figure 12 B: inferred faults) and then plotted as if they were all strike-slip faults (Figure 12 C: observed
faults and Figure 12 D: inferred faults). Figure 12 A shows that, if all observed faults are assumed to be normal,
the displacement ranges from 0.10 m up to 90 m, whereas the displacement ranges from 0.10 m up to 450 m if
all observed faults are assumed to be strike-slip faults (Figure 12 C).
These estimates, in particular those associated with the normal faults, appear to be low in comparison to the
separations displayed in geological cross-sections constrained by borehole and seismic reflection data (e.g. the
cross-sections associated with the geological maps listed in Table 1). Due to cut effects is likely that the fault
trace lengths displayed on the digital geological maps (samples of H', see Figure 9) underestimate the maximum
fault lengths (H, Figure 9) which, in turn, results in lower estimates for the fault displacements. Other
relationships (Kim and Sanderson, 2005; Polit et al., 2009) may be more appropriate and they can be chosen
such that they fit more closely with independent estimates of fault displacement.

A

B

C

D

Figure 12. An estimation of fault displacement associated with the range of fault lengths in the study area. A.
Observed faults assuming that they are dip-slip (normal faults). B. Inferred faults, assuming that they are dip-slip
(normal faults). C. Observed faults, assuming that they are strike-slip faults. D. Inferred faults assuming that they
are strike-slip faults. The best fit lines are after Kim and Sanderson (2005).
Other factors such as segmentation and linkage (Kim and Sanderson, 2005) vertical restriction (Nicol et al.,
1996) can affect the predicted displacements. Also, fault reactivation where the second phase of movement is in
the opposite direction can reduce fault displacements (Kim and Sanderson, 2005). Basin inversion is well
documented in the Weald and Hampshire basins (Gallois, 1965; Underhill and Stoneley, 1998) but this process
would reduce the true normal displacements not lead to larger predicted values.
Using the approach outlined in this section estimates of fault height and fault displacement derived from fault
trace lengths can be used (iteratively) to build internally consistent cross-sections and suites of adjacent, serial
cross-sections that contain fault traces and displacements of appropriate sizes and magnitudes respectively. In
addition, the approach may be used examine the juxtaposition of faulted strata for use in, for example, diagenetic
studies (Worden et.al 2016).
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Analysis of Fault Orientation.
This section describes and analyses the orientations of the fault traces displayed on the digital geological maps of
southeastern England. These maps do not provide information on the dips of the faults therefore, any analysis
must be restricted to fault trends. Again, conclusions are based on the observed faults but data from the inferred
faults are shown for completeness and occasional comparison.
A statistical study of fault orientations in two-dimensions has been completed using data collected from the
digital geological maps listed in Table 1. A series of rose diagrams, showing the frequency distributions of fault
directions, have been drawn to obtain a summary of the tectonic regime in the study area. The rose diagrams
were plotted using Rose 2.1.0 and Rozeta version 2.0 software. All the rose diagrams were drawn using an equal
area display (Nemec, 1988). Figure 13 shows the orientations of (A) all faults (1888 faults), (B) inferred faults
(1553 faults) and (C) observed fault data (335 faults).
Figure 13 A and B are similar because the inferred faults represent about 78.5% of the data in Figure 13 A. The
main modes in the inferred faults rose diagram (Figure 13 B) are E-W and NE-SW, whereas the modes in the
observed faults rose diagram (Figure 13 C), are oriented E-W, N-S, NW-SE, and NE-SW. This is one of several
marked differences between the inferred faults and the observed faults comparable to those identified above
using fault lengths (Figure 10 C). For these reasons, only the data from the observed faults will be discussed
hereafter.
Figure 15 shows a series of rose diagrams for all fault data, and for just the observed faults, grouped by the three
stratigraphic intervals separated by the principal unconformity surfaces in the Weald and Hampshire Basins. The
oldest stratigraphic interval covers all of the units that are older than the Cimmerian unconformity. The second
interval is composed of the entire stratigraphic units that lie between the Alpine and Cimmerian unconformities.
The youngest interval includes all of the stratigraphic units younger than the Alpine unconformity.
0
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90 270

180
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180
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180
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,,,,,,,,kk
Figure 13. Rose diagrams of fault trends taken from digital geological maps. A. All faults (1888 faults), B.
Inferred faults (1553 faults). C. Observed faults (335 faults).
There is no accepted universal rule for choosing the size of the classes in histograms and rose diagrams
(Borradaile, 2003; Davis, 2002). To investigate the optimum class size, the data were plotted with three different
class sizes (05o, 10o and 20o). A class size of 10o revealed modes that are relatively well defined. On the other
hand, using a class size of 20o is too coarse with modes that are broad and ill-defined. A class interval of 05o
gives more modes and introduces more detail into the diagrams (Figure 14). However, such a small class size
may distinguish between faulting events that are close in direction but part of the same system and it is difficult
to assess whether the differences are real or apparent. Using a class interval of 10° and grouping the data by
stratigraphic interval distinct modes can be identified. A combined orientation and temporal analysis of these
modes is described in the next section.

History of Faulting in the Weald and Hampshire Basins.
For map-scale faults displayed on geological maps age relationships between faults are rarely seen and this
restricts the successful construction of relative deformation histories. In this section the orientations of fault
traces are analysed in terms of possible ages using a modification to standard map interpretation techniques
where the data is restricted to populations of fault traces.
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To construct a history of faulting within the Weald and Hampshire Basins, the fault orientation distributions
have been sub-divided based on the age of the youngest stratigraphic units that the faults are in contact with.
This follows the often quoted rule that a fault must be younger than the youngest unit that it displaces (Boulter,
1989; Butler and Bell, 1988; Maltman, 1990). Thus, by analyzing the lithostratigraphic units that a fault cuts,
constraints can be placed on the minimum age of the faulting. The method searches for the youngest unit cut by
members of a particular mode. It must be noted that the fault may be much younger than the units which it
displaces.
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Figure 14. A series of rose diagrams showing the orintation data for the total fault dataset and observed
faults only.The fault data was divided stratigraphically based on unconformity surfaces. The data were
plotted using classes of 05o,10o and 20o.
If deformation is distributed throughout a section of the crust faults cutting higher parts of the crust must also cut
parts of the crust that lie beneath. Therefore, older stratigraphic units are going to be affected by any younger
faulting but younger units are not affected by older faulting. Thus, the faulting present in a particular
stratigraphic unit is a combination of all faulting events which are syn-depositional or younger in age. This
explains the increasing numbers of fault with increasing age. Figure 15 is a schematic diagram showing the
increase in fault number with an increasing stratigraphic age.
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In order to obtain the main modes of faulting for separate stratigraphic intervals, and to remove the effects of
younger faulting events and separate them from older faulting events, it is necessary to filter the fault trace data.
For this study, the stratigraphy has been split into three megasequences separated by the Cimmerian and Alpine
unconformities (Underhill and Stoneley, 1998). The megasequences are (1) older than the Cimmerian
unconformity, (2) the sequence bound by the Cimmerian and Alpine unconformities and (3) the sequence
younger than the Alpine unconformity (Figure 14).
Filtering (Figures 16 and 17) involves removing (stripping) all the modes found in the rose diagram for the
youngest interval from the rose diagrams of all the older stratigraphic intervals. The modes removed (contained
in the mode data columns of Figures 16 and 17) must be the same age or younger than this interval. Orientations
left in the intermediate interval are reexamined, new modes are calculated and removed from the rose diagrams
of all older intervals. The modes removed must be the same age or younger than this interval. The process is
repeated stepwise until the faults in oldest stratigraphic units are processed.
Modes were identified by dividing the number of faults in a rose diagram by the number of class intervals in half
the symmetrical rose diagrams. For example, if the number of faults is 200 and the rose diagram is drawn using a
class size of 10°, the total number of class intervals will be 18, and a mode will be anything which is greater than
200/18 = 11.11 which would be a uniform distribution of observations. In statistical terms this procedure is
extremely crude but it has the advantage that it is simple and its effects can be easily seen.
Figure 16 shows the results of the stripping process for all faults (observed and inferred) and Figure 17 shows
the results of the stripping process for only observed faults. The discrepancy between the two diagrams can be
attributed to the very large proportion of inferred faults within the total dataset (Figure18). The presence of large
numbers of inferred faults produce broad ill-defined modes and further analysis was restricted to the observed
faults (Figure 17).
Like all histograms rose diagrams are sensitive to the class interval and positions of the class boundaries. Three
class intervals were used 05, 10 and 20 degrees (Figure 17). A class interval of 20° gave broad ill-defined modes
and further analysis focused on 05 and 10 degrees. While giving the greatest resolution a class interval of 05 o
produced several modes that may, in all probability, be spurious. In the descriptions below emphasis is placed on
the rose diagrams with a class interval of 10°. In general, the modes are well defined and relatively stable.
From this analysis it was possible to identify the main modes in each of the three megasequences that are
separated by the two unconformity surfaces and assign possible ages to the faults (Figure 17). Detailed analysis
of the data at formation and group levels (not shown) demonstrated greater age resolution was not possible.
In strata younger than the Alpine unconformity two modes are present and it is suggested that these faults with
trends NNE-SSW (010 to 020° – 190 to 200°) and NE-SW (030 to 050° – 210 to 230°) are post-Eocene in age
(Figures 2 and 17, class interval 10°).
When these modes are removed from the orientation data collected from the stratigraphic sequence bound by the
Cimmerian and Alpine unconformities five modes remain, (Figure 17, class interval 10°). Four of the directions
are N-S (350 to 010° – 170 to 190°), ENE-WSW (050 to 070° – 230 to 250°), E-W (080 to 100° – 260 to 280°)
and ESE-WNW (120 to 140° – 300 to 320°). This interval contains stratigraphic units of Cretaceous age (Aptian
(Lower) to Campanian (Upper)) and these faults have been assigned a syn-or post-Cretaceous, pre-Palaeocene
age (Figures 2 and 17, class interval 10°) The fifth direction 020 to 030° – 200 to 210° may be real and
independent however, it may be part of the NE-SW trending mode identified in younger rocks or, those assigned
to the younger sequence may form part of this group of faults. Without a more objective approach this issue
cannot be explored further.
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Figure 15. A schematic diagram indicating how younger faulting events will effect all older stratigraphic
units. Fault A is older than fault B which is older than fault C. Faults of type A (pink) are restricted to
units older than the Cimmerian unconformity. Faults of type B (pale blue) are restricted to units below
the Alpine unconformity. Faults of type C (red) are found throughout the section.
When the modes from both of the overlying sequences are removed from the fault trace data collected from
rocks older than the Cimmerian unconformity two modes remain (Figures 2 and 17, class interval 10°). These
trend ENE-WSW (070 to 080° – 250 to 260°), and ESE-WNW (100 to 120° – 280 to 300°) These faults cut parts
of the Wealden Group of Lower Cretaceous (Ryazanian to Barremian) age which indicates that they are possibly
syn-or post-Wealden pre-Lower Greensand Group in age.
There are some limitations and errors associated with analysis of the geological maps using this method of
removing or stripping modes. It does however, analyse a population of faults in a systematic and reproducible
way that formalises and uses an established geological approach.
Errors could be present in the geological maps and these may be of two types. Firstly, the ages assigned to the
rocks around the faults may not be correct but this source of error is not thought to be significant in this case.
Secondly, the fault traces may, incorrectly, extend into stratigraphical units which in reality they do not cut or,
they do not extend into units into which they should. For example, if they are shown to cut rocks younger than
they actually do they may be assigned a younger age which is erroneous and if the sub-population is large this
may alter the outcome of the stripping method. The comparisons between the trace length data of the observed
and inferred faults suggests that this may be a significant issue in many studies. This problem may have been
encountered in this data set (NE-SW trending modes discussed above).
The main limitation to the stripping method arises from removing (stripping) the modes found in the younger
stages from all the stages that are older in age, regardless of whether these faults belong to the same tectonic
regime or not. For example, if you have two faulting events which have the same direction, the older one will be
eliminated before the later stages of the stripping process and the faults may be assigned an age younger than
their true age. Also, the stripping method does not take into consideration any fault reactivation (Underhill and
Stoneley 1998), if present, which may be an issue in these basins.
At a more mechanistic level, removing modes in such a discrete way (by removing class intervals) ignores the
geometry of modes in most orientation data. Typically, modes have a maximum and a spread of directions about
the maximum. In this analysis it is assumed that all of the spread falls within discrete class intervals. This is not
satisfactory but it is not clear how to improve the process for circular orientation data. This may allow directions
that should have been eliminated in an earlier stage to pass into the later stages of the analysis and this may
explain the wide range of smaller modes present in rocks older than the Cimmerian unconformity (Figure 17). In
this case the faults may be assigned an age that is too old.
The method of deciding whether or not a direction forms a mode is crude and it is sensitive to the number of
observations. When the number of observations is small it is likely that the directions will be accepted as modes.
Whether this issue has had any effect in this study is largely subjective.

Conclusions.
Detailed analysis of the fault trace lengths, fault trace orientations and the stratigraphy affected by the faults,
using the digital geological maps of southeastern England and ArcGIS software has led to the following
conclusions
I.

II.

III.

23

Analysis of the fault trace length and fault orientation indicates a considerable difference between the
characteristics of faults classified by the B.G.S. as observed and inferred such that, conclusions were
restricted to those that could be drawn from the observed faults.
Most of the fault trace length studies in the literature have shown that the fault length populations have
power-law distributions. Trace lengths for observed faults in the Wealden and Hampshire basins appear
to display a negative exponential distribution though the data barely covers two orders of magnitude.
Whilst the effects of truncation and censoring are important this distribution may arise from fault trace
lengths that depart systematically from true fault lengths.
The trace lengths of observed faults and published relationships between fault lengths and, fault heights
and displacements were used to predict fault heights and maximum displacements within the Weald and
Hampshire basins. This study shows that, assuming all the faults are normal faults with an aspect ratio
of 2.15, only five faults were recorded with a fault height within the range 100 to 550 metres. The
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largest displacements predicted from the fault trace lengths are about 450 metres These values of height
and displacement are small compared to the thicknesses of the Weald and Hampshire basins which are
2500 and 650 metres respectively. Whilst it is likely that these estimates are low it is possible that the
gross geometries of the Weald and Hampshire basins are not strongly fault controlled.
By removing modes of fault trace orientation present in younger units from those found in the older
units in a stepwise fashion a three-stage faulting history has been constructed. Two fault orientations
trending ENE-WSW and ESE-WNW, cut parts of the Wealden Group but no younger units. This
suggests that they are possibly syn-or post-Wealden, pre-Lower Greensand Group in age (Lower
Cretaceous (Ryazanian to Barremian) and they may be related to rifting. Four fault orientations, N-S,
ENE-WSW (different from those above) NE-SW, E-W and ESE-WNW (again, different from those
above) have been identified and assigned a syn-or post-Cretaceous, pre-Palaeocene age. These faults
may represent the later stages of rifting or the early stages of basin inversion (Underhill and Stoneley
1998). Two fault orientations NNE-SSW and NE-SW have been assigned a Cenozoic age younger than
the Alpine unconformity and they may represent post-inversion tectonics.
Despite the limitations and errors associated with analysing fault data from digital geological maps a
more quantitative approach provides useful information on the faults and their possible roles within the
evolution of sedimentary basins.
Orientation NNE-SSW and NE-SW
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as operators on
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Elmergib University, Faculty of Science, Msallata, Libya.

ABSTRACT:

The fine structure of spectra of many operators, which are represented by matrices,
remain to be studied. For example, the fine structure of the spectrum of the upper and
lower triangular double-band matrices have been studied in some special cases. The
main target of this work is to study the spectrum and fine spectrum of the operator
on the sequence spaces c and c₀. Three methods for classifying the spectrum are
considered. Further, some illustrative examples are provided to support our new results.
Keywords: Spectrum, Infinite matrices, Sequence spaces.

1. Introduction and preliminaries
Several authors have studied the fine structure of spectra of linear operators defined by some
particular infinite matrices as operators over certain sequence spaces. Now we give a short survey
concerning the spectrum of the upper triangular double-band matrices which have been studied in
some special cases.
Recently, the fine spectrum of upper triangular double-band matrix
as operator on the
sequence spaces and was studied by Karakaya and Altun [7]; see also [2]. In 2015, Tripathy and
Das [13] determined the spectrum and fine spectrum of the upper triangular matrix
over the
space of convergent series. Fathi and Lashkaripour [4] have studied the fine spectrum of generalized
upper double-band matrices
over the sequence space . In 2012, Karaisa [5] studied the fine
spectra of upper triangular double-band matrices over the sequence space , where
∞ . In
2014, Karaisa [6] investigated the spectra of upper triangular matrices as operators on the sequence
space . Spectra of the operator
on the sequence space
, where
has been
determined by El-Shabrawy and Abu-Janah[3].
Now, we introduce some definitions and notations.
Let be a complex Banach space and a bounded linear operator with domain
and range
in . By
we denote the set of all bounded linear operators on into itself. If
then the adjoint
of
is a bounded linear operator on the dual
of
defined by
for all
and
. With T we associate the operator
, where is the
identity mapping of
onto itself. All of the points in the complex plane are divided into two
mutually exclusive and complementary sets: the resolvent set
and the spectrum
. The
set
consists of all
for which the following conditions are satisfied:
exists,
is bounded,
is defined on a set which is dense in .
The spectrum

is the complement of

in the complex plane

.

It is useful to make a finer classification of points by subdividing
in some way. One such
method of subdivision is well-known; the spectrum
can be analyzed into three disjoint sets as
follows:
The point (discrete) spectrum
is the set of all
such that
does not exist. Any
such
is called an eigenvalue of .
The continuous spectrum
is the set of all
such that
exists and satisfies
but not
, that is,
is unbounded.
The residual spectrum
is the set of all
such that
exists (and may be bounded or
not) but does not satisfy
, that is, the domain of
is not dense in .
This subdivision is customary subdivision (see, for example, Stone [10], where the definitions are given
in the context of Hilbert spaces). An advantage of this classification is the division of the spectrum into
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. Let us say that some of the sets in the above

Another classification of the spectrum is also considered. Following Taylor and Halberg [11,12],
a linear operator with domain and range in a normed space , is classified I , II, III, according as its
range,
, is all of ; is not all of , but is dense in ; or is not dense in . In addition is
classified 1,2 or 3 according as
exists and is continuous; exists, but is not continuous; or does not
exist. The state of an operator is the combination of its Roman and Arabic numerical classifications
and is denoted by the Roman numeral with the Arabic as a subscript [11, . 94], [12, . 235-236].
For a specific operator on a complex Banach space we partition the complex plane into subsets
corresponding to the states of the operator
. For example, the subset consisting of those for
which the state of the operator
is
will be denoted by
. Thus the resolvent set,
, of the operator consists of the union of
and
, the point spectrum consists
of the union of
,
and
, the residual spectrum consists of the union of
and
and the continuous spectrum consists of
[11, p. 109], [12, p.
264]).
Following Appel et al. [1], three more subdivisions of the spectrum can be defined; the
approximate point spectrum, defect spectrum and compression spectrum.
Given a bounded linear operator in a Banach space , we call a sequence ( k) in as a Weyl
‖
sequence for if ‖ ‖
and ‖
, as
.
In what follows, we call the set
{
} (1.1)
the approximate point spectrum of T. Moreover, the subspectrum
{
}
(1.2)
is called defect spectrum of . The two subspectra given by (1.1) and (1.2) form a ( not necessarily
disjoint) subdivision of the spectrum, that is
There is another subspectrum

̅̅̅̅̅̅̅̅̅̅̅̅̅

{

}
(1.3)
which is often called compression spectrum in the literature. The compression spectrum gives rise to
another (not necessarily disjoint) decomposition
of the spectrum.Clearly,
subspectra with those in

and

[

Moreover, comparing these
we note that
]

Next proposition is required in our study.
Proposition 1.1. [1] Spectra and subspectra of an operator
related by the following relations :
(a)
,
(b)
,
(c)
,
(d)
,
(e)
,
(f)
,
(g)
.

and its adjoint

are

By , we shall denote the space of all real or complex valued sequences. Any vector subspace of
is called a sequence space.
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The space
denote the set of all absolutely summable sequences, which is the Banach space with
∑ | |
the norm
The sequence spaces and denote the sets of all convergent and null sequences, respectively;
|
|
{
}
{

}

‖ ‖
| |.
with the sup-norm ‖ ‖
Let and µ be two sequence spaces and
be an infinite matrix of real or complex numbers
{
} Then we say that defines a matrix mapping from into µ, and we
where
denote it by writing
, if for every sequence
the sequence
{
}, the transform of , is in µ; where
∑
Now, let

) and

) be two convergent sequences of nonzero real numbers with

and
We define the operator

on the sequence space and

Clearly, the operator
where

can be represented by the upper triangular double-band matrix

[

as follows

]

In this paper, we focus on the spectrum and the fine structure of spectrum of
on the sequence
space . Firstly, in section 2, the spectrum and the stone's classification of the spectrum are given
as the main results. Some additional results concerning other classifications of the spectrum are given
in Section 3. In Section 4, there are further results of spectrum of
on the sequence space .

2. Main results
In this section we study the spectra of the operator
on , with respect to the first classification
of stone. Then, the other classifications follow.
Lemma 2.1. [14, Theorem 1.3.6, page 6]. The matrix
gives rise to a bounded linear
operator
if and only if
1. the rows of in
and their
norms are bounded.
2. the columns of

are in .

3. the sequence of row sums of
The operator norm of

is in .

is the supremum of the

norms of the rows.

The following theorem is one of the main results, which gives the bounded linearity of the operator
on
Theorem 2.1. The operator
| |
‖
‖

30
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|
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Proof. Firstly, the linearity of
is not difficult to prove and so is omitted. It is clear that the
conditions of Lemma 2.1 are satisfied, so, the operator
is a bounded linear operator. Let
us take any
. Then, we have
‖

|

‖

which leads to ‖

|

|

‖

|+

|

||

|

||

|

|

|

|

||

|

|
|

|

||

|

| ‖ ‖ ,

| |

This completes the proof .
The next Theorem gives the point spectrum of the operator

on .

Theorem 2.2.
(
)
{

(∏

)

}

Proof. Consider the equation

for

. Then, we obtain that

∏
For
, there exists a nonzero vector
presents an eigenvector corresponding to the eigenvalue
(∏
)
Also, for all
if and only if there exists
(∏
)

in

), with
, which
, and in this case we have
, we obviously have

, that is if and only If

Thus, the required result follows.
if and only if the sequence { ∏

Remark 2.1. One can easily observe that

belongs to . Also, the point spectrum can be represented in the form
|
| | |}
(
) {
|
|
| |}
where,
{
(2.1)
|
| | | (∏
and
{
)
For the operator
representation of the form
[

}

(2.2)

it is known that the adjoint operator

and has a matrix

]

Where
is the limit of the sequence of row sums of the matrix
the columns of the matrix
[see, 8, 9]

minus the sum of the limit of

The following theorem gives the point spectrum of the adjoint operator
{

Theorem 2.3.
{

|

|

| |∑

|∏
}

and is given as in (2.1).
Proof.

31
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|
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. Then by solving the system of

.
is an eigenvalue with the corresponding eigenvector
, that is,
, then,
so we must take
(
). If
since otherwise we would have
. Therefore, for all
, the vector
is an eigenvalue of the operator
corresponding to the
}
eigenvalue
, where
and
, for all
. So, {
(
Also, if
|

|

for all

. So

)
and

for

| |, we can see that ∑

(

then
| |

∑

and if

|∏

|

such that

for some

, that is

) Then

{
}
The second inclusion can be proved analogously.
Theorem 2.4.
Proof. Since

, for all

(

)

(

)

.

(
)
(
)
(
and by the proposition 1.1(e), the result follows from the fact that

),
(

)

Now, we may give the following lemmas required in the proof of the present theorem, below.
Lemma 2.1. [11] If is a bounded linear operator on a normed space
T has a dense range in if and only if (
exists.

into a normed space , then

Lemma 2.2. [11] If is a bounded linear operator on a normed space
the adjoint operator
of is onto if and only if
has a bounded inverse.

into a normed space , then

|
| | |}
Theorem 2.5.
, where is given as in (2.2).
(
) {
{
|
| | |}
Proof. Firstly, let
Clearly,
exists. Since (
(
), so
)
(
), then
exists, so by Lemma 2.1,
has dense range. We shall prove that
is
unbounded. It is sufficient to show that
is not onto. Then we must show that
| | |because
is onto for |
is triangle, so, it has an inverse.
(
) . Since
Let us take any
, the equation (
gives
that is
)
for
in terms of , we get
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,
for
Then

[
Therefore ∑

|

]

|

∑

|

| , where

|

|

|

|

|

|

|

|

for all

|

|

norms of the rows of
|
||
|

|

|
||

|

Since

is the
|

||

|
||

|

| || | |
||
| |

,(|

|

|
|
|

) then, there exists

and

|

|

|

|
|

|

|

||
|
||
| |

|
|

||

||

|

|
||

|

||

|
|

||

|

|

||

|

|

|

|
| |

|

| |

||

|

Therefore,
|

,

|

where
|

|

|

|
|

|
|

|
||

||

|

||
| |

|
|

|

|

|

and so
|

But , there exists
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||

.

|

and a real number

| |

Such that |

|

for all

|
|

|

|
||

|

||

|

|
|

||

|
| |

|

|

Then

such that

. Then, for each

[

|

, so

]

|
|

|
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. Hence, (
Lemma 2.2,
has a bounded inverse if |
|
| | |}
Then, {
(
)
The second inclusion can be proved analogously.
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. Therefore,

) is onto for |
| |. So
(

|

| |. Then by

).

Theorem 2.6.
|
| | |}
where is given as in (2.2).
(
) {
Proof. By definition, the continuous spectrum of the bounded linear operator
on the Banach space
consists of
(
). Then the proof follows immediately from Theorem 2.5, such that
(
)
(
).
Theorem 2.7.
|
| | |}
where is given as in (2.1).
(
) {
Proof. Since (
) is the union of the disjoint sets (
), (
Theorems 2.2, 2.4 and 2.6 imply that
|
| | |}
(
) {

) and

(

), then

Also, in this section to show that our results can be applied, we introduce some illustrative
examples.
Example 1 : Consider the sequences (

) and (

), where

.
( ) ,for all
Clearly, ( ) and ( ) are sequences of non zero real numbers satisfying
.
{ }
{ }
Therefore ,
{ }.
Then, using Theorems 2.2, 2.3,2.6 and 2.7, we have
} { }
|
|
(
) {
|
|
} { }
(
) {
} { }
|
|
(
) {
Example 2 : Let
and
for all
. Then,
and
. We can prove that
}
|
|
(
) {
} { }
|
|
(
) {
(
) { }
}
|
|
(
) {

and

{

}

{ } So

3. Some additional results
Next, we investigate the fine structure of the spectrum of the operator
other classification schemes.
Fristly, we should note that, for the operator
we have
(
)
(
)
since
.
(
)
Also,
by the closed graph theorem. Hence, for the operator
(
)
subdivision of the spectrum is into four parts,
(
)
(
(
).
Theorem 3.1.
The parts
(

34
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(

) and

(

) are given as follows:

, with respect to the

)

on the space , the
(
) and
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)
{

{
}
|
| | |}
)
{
}
where
are given as in (2.1), (2.2) and (2.3), respectively .
Proof. (i)
if and only if the operator
has no inverse and
is one to one. Thus, by Lemma 2.1, the desired result follows.
(ii)
, then
does not exist, so by Lemma 2.1,`
has not a
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
dense range, that is
and since
that is
(
)
(
)
does not exist. Thus
(
). The second inclusion can be proved analogously.
(

(ii)

)

(

Although, the results in Theorem
give a finer subclassification of the point spectrum, the
two parts
and
cannot be determined separately in general. In some special
cases, one can determine these parts separately.
Theorem 3.2 The following statements hold :
|
| | |}
(i)
,
(
) {
{
}
(ii)
(
)
|
| | |}
(iii) (
) {
(
)
where
are given as in (2.1) and (2.3), respectively.
Proof. (i) It is known that
(
)
Since
, then
(
)
(
)
(ii) Follows immediately from Proposition 1.1(e) and Theorem 2.3.
(iii) The required result follows from the fact that
(
)
(
)
(
).

4. Further results
In this section, similar arguments of the fine spectrum of
on the sequence space can be
used to get the corresponding results in the case of the space . To avoid repetition, we state the
following results without any details about the proofs.
Theorem4.1.
|
(
) {
is given as in (2.1).
Theorem 4.2.
(
)
If
operator
space of

35

|

{

|

| |}

|

, where

| |}

where

are given as in (2.1) and (2.2).

is a bounded linear operator with the matrix , then it is known that the adjoint
is defined by the transpose
of the matrix . It should be noted that the dual
is isometrically isomorphic to the Banach space .

Theorem 4.3.

(

{

|

Theorem 4.4.

(

)

Theorem 4.5.

(

)

, where

)
| | ∑

|

|∏

is given as in (2.1) and
}.

|

.
{

|

|

| |}

, where

is given as in (2.2).
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5. Conclusion
This work discusses the fine structure of spectra of the operator
over the sequence space .
Also, the spectra of this operator on the sequence space
have been investigated. There are other
papers devoted to this problem on other spaces(see, for example, [3,5]). But, the new results in this
paper cover a wider class of linear operators which are represented by infinite upper triangular doubleband matrices on the sequence space . Moreover, we show that our results can be applied in many
situations by giving illustrative examples.
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Non-Euclidean Geometry and Special Relativity
Lutfia Mohamed Aldali
Elmergib University / Facualty Of Economics and Commerce
Department Of Computer and Data Analysis

ABSTRACT
In this paper we introduce the mathematical model of special relativity and
see how the predictions arise out of this model .Special relativity is model of
space-time and hence involves four coordinates ;three space
coordinates
and a time coordinate
.We use the vector space
to represent space-time .There are many inner products that we can place
on
, each would lead to a geometry for
Keywords : Inner product ,.Euclidean geometry ,Special relativity .
Introduction:
We will explore the significance of the new-found mathematical freedom we have in and
many inner products that can be placed on Rn .The inner product is a very powerful tool that
enables us to control the geometry of Rn . The inner product controls the norms of vectors,
angles between vectors, and distances between points, since each of these is defined in terms
of the inner product:

v  v ,v  , cos  

u ,v 
,
u v

d (u .v )  (u v ,u v )
Different inner products on Rn lead to different measures of vector norm, angle, and distancethat is, to different geometries.
The dot product is a particular inner product that leads to euclidean geometry. Let us look at
some of the other geometries that we can get by putting other inner products on Rn.
These non-Euclidean geometries have been studied by mathematicians and are used by
scientists.
We will see how one of these geometries is used to describe space-time in the theory of
special relativity.
We first look at a non-Euclidean Geometry on R2 .
Consider the inner product that is discussed in the following application.
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An application:
Let

(x 1 , x 2 )

and

( y 1, y 2 )

be arbitrary vectors in R2 and let the inner product be defined

by :

(x 1 , x 2 ),( y 1 , y 2 )  x 1 y 1  4x 2 y 2
Consider the vector (0, 1) in this space:
The norm of this vector is:

(0,1)  (0,1), (0,1)
 (0  0)  4(11)
 4
2
We illustrated this vector in figure .1.
The norm of this vector in Euclidean geometry is 1; in our new geometry, however, the
norm is 2.

Figure 1
Consider the vectors (1, 1) and (-4, 1).
The inner product of these vectors is

(1,1), (4,1)  (1 4)  4(11)
0
Thus the vectors (1, 1), (-4, 1) are orthogonal.
We illustrated these vectors in Figure 2
The vectors don't appear to be at right angles; they are not orthogonal in the Euclidean
geometry. But the angle between these vectors is a right angle in our new geometry.
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Figur 2
Finally, Let us use the definition of distance based on this inner product to compute
the distance between the points (1, 0) and (0, 1). We have that

d  (1, 0), (0,1)   (1, 0)  (0,1)
 (1, 1)


(1, 1), (1, 1)

 (11)  4(1 1)
 5
This distance is illustrate in Figure 3

Figure 3
Note that the distance between these same two points in Euclidean space, on applying the
Pythagorean theorem, is

2.

We should appreciate that the geometry we have developed in this example is correct
mathematics, even though it does not describe the every day world in which we live!
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Mathematics exists as an elgant field in itself, without having to be useful or related to real
world concepts.

Even though an important aim of this research is to show how the mathematics that we
develop is applied, we should be aware that much fine mathematics is not oriented toward
applications. One never knows when such pure mathematics will turn out to be useful [5].
In the early part of the twentieth century Albert Einstein found that this was the type of
geometry he needed for describing space-time. In space-time, one uses R4 to represent three
spacial dimensions and one time dimension. Euclidean geometry is not the appropriate
geometry when space and time are "mixed".
Special Relativity: - [9]
Special relativity was developed by Albert Einstein to describe the physical world in
which we live. At the time, Newtonian mechanics was the theory used to describe the motions
of bodies, such as planetary motions . Einstein first developed special relativity which did not
incorporate gravity; Later he included gravity in his general theory of relativity. Here we
introduce the mathematical model of special relativity by describing the predictions of the
theory and then showing how they arise out of the mathematics.
The nearest star to Earth, other than sun is Alpha Centauri; it is about 4 light-years a way. (A
light-year is the distance light travels in 1 year,
who are separated immediately after birth.

5.88 1012

miles). Consider a pair of twins,

Twin 1 remains on Earth, and Twin 2 is flown off to Alpha Centauri in rocket ship at 0.8 the
speed of light.
On arriving at Alpha Centauri, he immediately flies around and flies back to Earth at the same
high speed. Special relativity predicts that when the twins get together, the twin who remained
on Earth will be 10 years old, while the one who went off to Alpha Centauri will be 6 years
old.
We present this scenario in terms of twins, since it clearly displays the phenomenon involved,
namely the difference in the aging process. The one twin will be a 10-years old child, the
other twin a 6-years old child. The same type of phenomenon is predicted for any two people,
one of whom stays on Earth while the other travels to a distant plant and back. The numbers
will be according to how far and how fast the traveler goes.
We now introduce the mathematical model of special relativity and see how the predictions
arise out of this model. Special relativity is a model of space-time and hence involves four
coordinates: three space coordinates

x 1, x 2 , x 3

and a time coordinate

x 4 . We use the

vector space R4 to represent space-time. There are many inner products that we can place on
R4 , each would lead to a geometry for R4 .
None of the inner products, however, leads to a geometry that conforms to experimental
results. If one drops the fourth inner product axiom, one comes up with a pseudo inner
product that leads to a geometry that fits experimental results. This geometry of special
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relativity is called Minkowski geometry, after Herman Minkowski , who gave this
geometrical interpretation of special relativity .

Let X  (x 1 , x 2 , x 3 , x 4 ) and Y  ( y 1 , y 2 , y 3 , y 4 ) , be arbitrary elements of R4 . The
X ,Y

following function

plays the rule of an inner product in this geometry :

X ,Y
Not that

X ,Y

 x 1 y 1  x 2 y 2  x 3 y 3  x 4 y 4

is not a true inner product; the negative signs cause it to violate axiom 4

of an inner product .
We define

X 

X ,X .

And

d X ,Y

 X Y  (x 1  y 1 , x 2  y 2 , x 3  y 3 , x 4  y 4 )


( x 1  y 1 ) 2  ( x 2  y 2 ) 2  ( x 3  y 3 ) 2  ( x 4  y 4 ) 2

Let us now see how this geometry is used to describe the behavior of time for the voyage to
Alpha Centauri. We draw a space-time diagram. For convenience, assume that Alpha
Centauri lies in direction of

x 1 axis from Earth. The twin on Earth advances in time , x 4 ,

while the twin on board of the spaceship advances in time and also moves in the direction of
increasing x1 on the outward voyage and then in a direction of decreasing x1 on the homeward
voyage . The space-time diagram is shown in figure 3.4. The path of Twin 1 is PQ. The path
of Twin 2 is PR to Alpha Centauri and then RQ back to Earth.

There is no motion in either the x2 or x3, directions; hence we omit these axes in the diagram.
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Figure 5

We now look at situation from the point of view of each twin.
Twin 1 distance to Alpha Centauri and back = 8 light-years; speed of spaceship = 0.8 speed
light Thus.
Duration of voyage relative to earth =

distacne
speed



8
0.8

= 10 years
Geometrically, this means that the length of PQ is 10.
Twin 2 let us now arrive at coordinates for the various points in the diagram see figure 3.5 let
P be the origin ( 0,0,0,0 ) in R4 .
Since PQ = 10, Q is the point (0, 0, 0, 10) and S is the point (0, 0, 0, 5).
PT is the special distance of Alpha Centauri from Earth, namely 4 light-years. Thus R is
the point (4, 0, 0, 5).
We now use Minkowski geometry to compute the distance between R and P.
d ( P .R )  (4, 0, 0, 5)  (0, 0, 0, 0)
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Similarly, in this geometry .
d (R, Q) = 3
We have completed the mathematics.
Now the very interesting part of relating the geometrical result to the physical situation .The
following is a postulate of special relativity that gives the geometry physical meaning.
The distance between two points on the path of an observer, such as Twin 2, in Minkowski
geometry, correspounds to the time recorded by that observer in traveling between the two
points.
Thus d (P,R) = 3 implies that Twin 2 ages 3 years in traveling from P to R .
Similarly.d (R,Q) = 3 implies that Twin 2 ages 3 years in traveling from R to Q .
The total duration of the voyage for Twin 2 is thus 6 years.
Therefore, when the twins meet at Q, Twin 1 will have aged 10 years while Twin 2 will have
aged 6 years.
Note that this Model introduces a new kind of geometry in which the straight-line distance is
not the shortest distance between two points. In Figure 3.5, the straight-line distance PQ from
P to Q is 10, whereas the distance PR + RQ from P to Q is 6 , smaller! Thus, not only is the
physical interpretation of the model fascinating, it opens up a new trend in geometrical
thinking.
Conclusion:
In this application, we illustrated flexibility that one has in applying mathematics. If the
standard body of mathematics (inner product axioms in this case) does not fit a situation,
maybe a slight modification will. Mathematics have molded and developed mathematics to
suit their needs. Mathematics is not as rigid and absolute as is sometimes made out to be, it is
a field is continually being developed and applied in the spirit presented here .
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On the Existence of Solutions for the Uryshon Integral Equations
Amal W.Matog
Department of Mathematics - Faculty of Science – Al-Mergib University.

ABSTRACT:

In this paper , we study the existence of at least one continuous solution of
the Urysohn integral equations and the coupled system of Urysohn integral
equations. The main tool used in our study is the technique associated with
measures of weak noncompactness and measures of noncompactness in strong
sense .
Keywords: Urysohn integral equations; Existence of at least one continuous
solution.
1. Introduction
It is well known that integral equations have many useful applications in describing numerous
events and problems of real world and the theory of integral equation is rapidly developing with
the help of several tools of functional analysis, topology and fixed point theory

.

The Urysohn integral equation has been studied in many papers and monographs
A quite general resold has been obtained in

.

, when the solvability in this equation has been

studied in the two classes of integrable and monotonic functions on the interval

. The

method used in
may be applied in order to obtain a theorem on the existence of monotonic
solution of the Urysohn functional integral equation :

∫ (

(

))

And the technique of measure of noncompactness was the basic of this proof .
The main objective of this paper is to study the existence of at least one continuous solution of
the follow integral equations:
(1)

∫ (
(2)

45

The Urysohn integral equation:

)
The coupled system of Urysohn integral equations :

ALQALA

2221 ) ديسمبر17( العدد

Issue(17) DEC 2021

∫

∫

(

(

مجلة القلعة

)

)

Under the assumption that functions u1 u2 satisfy Caratheodory conditions .
2. Main Results
In this section , we consider the Urysohn (1) and (2).
Let us , consider the following assumptions:
(i)

are continuous in

s

for every

and continuous in

and measurable in

for almost all

.

(ii) There exists two integrable functions

| (

)|

and

∫

.

(iii)

|

|

are positive constants.

2.1. Continuous solution of Equation (1)
Consider the Urysohn integral equation (1).
Definition 2.1
A solution of the Urysohn integral equation (1) means a continuous function
which satisfying Eq. (1) .
Definition 2.2
By a solution of the Uryhon integral equation (1), we mean a continuous function
satisfying (1).
Theorem 2.1
Assume that the assumption (i)- (ii) are satisfied , then the Urysoh integral equation (1) has at
least one continuous solution

46

.

ALQALA

2221 ) ديسمبر17( العدد

Issue(17) DEC 2021

Proof
Define the sequence {

}
(

∫
Now, we show that {

)

(3)

} is uniformly bounded and equicontinuous.

Firstly , to show that {

} is uniformly bounded .
(

∫

)

Then

|

|

|

|

∫ | (

)|

∫
.
This proves that the sequence {

} is uniformly bounded .

Now , to show that sequence {

} is equicontinuous .

such that |

Let

∫

(

|

∫

(

)

∫

(

)
∫

(

|

∫ | (

)

)

|

|
(

we have

|

)

)|
such that |

|

∫
From the continuoutiy of the functions u and g , we deduce that {
continuous , then the class {
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}

convergens uniformaly.
Now

(

∫

)

.

(4)

Then

∫ (

)

Now , from condition (i) we have

(
| (

)

(

), and from the condition

(ii)

)|

Applying Lebesgue dominated convergence theorem ,we have

∫ (

)

∫ (

)

Then

∫
Which implies that
solution

(

)

satisfy the integral equation (1) , then exists at least one continuous
of the Urysohn integral equation (1).

2.2 Continuous Solutions of Equations (2)
Consider the coupled system of Urysohn integral equations (2) .
Definition 2.2
A solution of the coupled of the Urysohn integral equations (2) means an ordered pair of
continuous functions

) satisfying Eqs (2)

Theorem 2.2
Assume that assumptions (i)-(iii) are satisfied , then the coupled system of Urysohn integral
equations (2) has at least one continuous
Proof
Define the operator T of the coupled system (2.2) by
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∫

where

∫

(

)

(6)

∫

(

)

(7)

(
{

|

|

|

|

∫ |

‖

(

)
‖

‖ ‖

‖

‖

)|

∫
.
Then

‖

‖

Which implies that

|

|

|

is uniformly bounded , and

|

∫ |

(

)|

∫

Then

‖

‖

Which implies that

is uniformly bounded.

Then

‖
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} is uniformly bounded , and consequently we have

.
Now , to show that Qr is convex , Lat

‖ ‖

‖
‖ ‖

‖
‖

‖

‖

‖

‖ ‖

Then

‖

‖

is convex .

Now , to show that {
equicontinuos .

} is equicontinuos , first to show that {
|

} and {

} are

|

Then

|
(

∫

(

)

∫

(

)

∫

(

|

|

)

(

∫
|

∫ |

)
(

)

)|
∫
we deduce that {

From the continuity of the functions
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(

)
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(

)
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)

|

|

|
∫

∫ |

(

)

(

)

|

.

From the continuity of the functions

and

we deduce that

and which implies that the class of function {
This means that the class of functions {

{

} is equicontinuous ,

} is equicontinuous .
} is equicontinuous and

uniformly bounded in

. By Arzela-Ascoli theorem the operator T is relatively compact .
Now , to show that T is continuous operator

(

)

(

)

Then

∫

∫

But

∫
Then

∫
From condition (i) we have

(
|

)

(

(

)

and from condition (ii) we have

)|

Applying the Lebesgue

dominated convergence theorem , we obtain .

∫

)

∫
∫
∫

Then
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∫
From condition (i) we have

|

(

)|

Applying Lebesgue dominated

convergence theorem , we obtain
Then
which implies that the operator T is continuous Applying Schauder fixed
point theorem , then the operator T has a fixed point

then the coupled

system of Uryshon integral equa – tions (2) has at least one continuous solution

2.1.3 Coupled system of functional equations
Consider the coupled system of Urysohn functional integral equations (2.3).
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