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ABSTRACT:
A new integral transform was applied in this paper to find the solution of ordinary
differential equations (ODEs) with variable coefficients. ODEs are of great importance
in various scientific fields, especially physical and applied mathematics.
The new integral transform is called Bayawa transform. Bayawa transform is one of
the modern transformations that have been developed in recent months. The Bayawa

transform can be solved ODEs with constant coefficients in general. Furthermore, it
can be used to solve ODEs with variable coefficients, which was discussed by this

paper.
Keywords: Bayawa Transform, Inverse Bayawa Transform, Ordinary Differential

Equations with Variable Coefficients.

1) Introduction

Ordinary Differential Equations (ODEs) are crucial in describing various physical,
engineering and economic systems. Among these ODEs is ordinary differential
equation with variable coefficients which are particularly challenging due to their
complexity and the intricate behavior of the dependent variable influenced by
coefficients that change with respect to the independent variable.

Usually solving this type of equations is complicated by using normal methods
such as the series method. On the other hand, integral transforms play a big role in
solving such equations [1]. One of the most important advantages of integral
transformations is obtaining efficient and accurate solutions to differential equations
without complicated calculations, as indicated by [4] & [5]. Furthermore, applied
mathematics, theoretical mechanics, statistics and mathematical physics problems
have become dependent on integral transforms as an important tool to find solution
of those problems [3] & [5].

Bayawa transform is one of these modern transforms which has been developed
recently. “Bayawa Integral transform has been introduced to facilitate the process of
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solving ordinary and partial differential equations in time domain; it has been derived
from the classical Fourier integral” [2].

The definition of Bayawa transform as mentioned by Zayyanu and Haliru in [2] of a
piecewise continuous exponential order function f(t);t =0 is defined as the
following integral equatioP:

B{f ()} = u:fum f(t)e ¥ dt=Z(v),hy<v<=<h,:h &h, >0, Q)
where v is real parameter and B is the Bayawa transform operator, and h; & k, may

be finite or infinite. Therefore, purpose of this paper will be to apply this transform to
solve some problems of ordinary differential equations with variable coefficients and
show its efficiency.
2) Bayawa transform and Inverse Bayawa transform of Some Functions:
The following formulas for the Bayawa transform of some functions have been
written and summarized in table (1) as are from their source [2].

No. f(e) B{f (1)} = Z(v) Z(v) flt) =8 Hz(w)}
1 1 v v 1
2 t ve ve t
1
. 2108 B —t2
3 t v v E!t
3 10 10 1
4 t 3l v — 3
3!
5 t";nEeHN nl pintd pIti e N it”
n!
6 at U4 U4 at
¢ 1— av? 1— av? ¢
av® av®
7 sin at — o — sin at
1+ av* 1+ a?v*
vt vt
8 cosat — _ cosat
1+ a?v* 1+ a’v?
3 3
9 sinh at cwﬂ a—uﬂ sinh at
1— a®v* 1—a®v*
3 3
10 cosh at U—q u—q cosh at
1— a’v* 1— a’v*

Table (1): Bayawa transform and Inverse Bayawa transform of some functions.
3) Bayawa Transform of Derivatives:
Let Z(v) is Bayawa integral transform of f(t) denoted by B{f(t)} that is

[B{f ()} = Z(v)], then we will have the flowing formulas which have been proofed in

[2]:
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8 {f'(t)} =z2(v) —v*F(0). 0)
B {f"(t)} = =2(v) - £(0) — v*f'(0). 3)
B{f ()} = =2(v) I v F®(0). @)

4) Bayawa Transform of Functions tf(¢) & t*f(t):

If B{f ()} = Z(v), then:

. Bltf(6)) =L 22(v) — v’Z(v) .

Proof. Since, B(f(£)} = v* [~ £(£) e™= dt = Z(v)

ZzZ(v) = :—v(u: [T o dt)
=2 [ f()e Fde + 20 [ f(D)e” Rt
= 2L 72(v) = B{tF (1)} + v7Z(v)
= Bltf ()} ==L 2(v) — v2Z(v). (5)
ii. Blt2f(t)} = %%E[v} —%;?E[v) :

Proof. Since, B{tf(t)} = %:—Lz(u) —v2Z(v)

3
w

== ZB{f (1)) — v? B (B)}.

v? d
B (6)} = B{ef ()} — v B ()}

= Bt f (0} = =2 2(v) - = L 2(v). (6)

5) Bayawa Transform of Functions tf'(£) & t*f'(¢t):

i B{tf'(t)} = iiZ[u) —2z(v) - L ﬁf[':')'
Proof. In Eq. (5), we will put f'(t) instead of f(t) which give us:

B(ef' (9} =2 LB (9} - v?B{F (D).
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From Eq. (2) we have: B{f'(t)} = L%E(v) — v2£(0), therefore:

B () = 2= (320 - v*F(0)) - v? (220 - v*(®))

> Bt (9} =22 2(v) - 22() - = 2 £(0). (7)
i B{ef(0)) =% Sz(v) - L2(v) + 20%2(v) + T2 7(0) — T2 £(0).

Proof. From Eq. (5), we will obtain:

B2 (D) =5 LB{ef (D) - v?Blef (1))

5

vid (vd v? d
= :——(——E(u)—ZZ[u)—ng(ﬂj)

2 dv\2dv
v d v d
—v'(iazﬁv]—zz[l’]—? Ef[ﬂ']),
which give us:
. v d? Tvd d . vt d
2f'(t)}=—-—z(v) - ——2Z 2022 ——f(0
B(2F (1)) = 21 2(v) - S 2(w) + 20°2(v) + T (0)
v® d?
— ?du:f[ﬂ}. (8)

In the same way as above, we can derive and conclude the following formulas:

vy 1 0d 3 , v? d
Bitf (t)}—ﬂﬁzﬁvj—gz(uﬂ' v f(ﬂj—gaf(ﬂ)
v® d (0 °
—Eaf( ) (9)
I _u:d: 9v d d v® d?
B{t*f (t)}—Tdv:Z(UJ—TEZ(UJ+152(U)—U?5f (ﬂ)—Tdu:f(ﬂ)
v d° (0 10
_Tdvff( ) (10)
6) Theorem: If B{f (1)} = Z(v), then: B(¢"e™} = =

Proof. From Eq. (1), we get:

oo r od 1
Bit"e®} = u:J. the® e v dt = u:J. t"‘ne_[zr_“_ﬂ}r dt.
0 0

Let: w=(%—a)t 2t=("x)w = dt=(—g)dw.

v 1—aw
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2™ n _l-t.;:—ﬂ}!' = 12 m( v’ )” n —w( v )
= v fu the \v dt v fu o) WE p—— dw.

In+4
w

{=a) n —r
=— whe™ dw.
(1—gpZ)i+t ..rﬂ.

» I'(n) = fumz”_le_g dz =T(n+1)= MI";'C'z”e'sr dz =n!.

N — 2™ .n —f%—n}r —M
fu we™ dw = n! = v fu the ‘v dt—,:l_m,::,m-_
[ p2n+s
- Blere=)= 2 (11)

7) Applications:

In this section, we will apply the results obtained previously, to a set of problems
and then use the inverse Bayawa transform to obtain the solutions.

Problem (1): Solve the differential equation:

y'—2y=0; y(0)=0.

Solution: Taking Bayawa transform to both sides of given equation:

Bi{ty'}— 28{v(t)}=0.
2 2(v) —22(v) - — £ (0)-2z(v)=0

el o]
= —2(v) ~=2() = 0,
duv ik

which is a linear differential equation with the integrative factor: A = —- The solution

will be in the form:

ct®
—.

Z(v) = Ccv® = y(t)=cBHv®} = y(t)=
Problem (2): Solve the differential equation: ty" —ty' —y =0,

with the initial condition: ¥(0) =0 & y'(0) = 2.

Solution: B{tv"} — B{tv'} — B{y} = 0. From formulas (7) & (9), we get:

1 d 3 v d v® d

553@) —;3(13) +v?%(0) Y (0) eV (2)

vd v® d

=(z-)Zzm-(E-1)zm) =0 Let z(¥)=5.

— 3 E _(6— 2p)5 = as _ e-2”
= (v u)m; (6—2v°)5=0 = E ;-;nii—aﬁ}du'
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Take synthetic division method, we will have:

E—2v" Fl B c
=-+ +

rll1—v?) o v 1—w 1+w

= A=6 BE=28&C=-2.

@5 _ 85,2 4. 2 = _ 1) —

S = dv—-odv——dv=hS =6lnv Zln(v—1) —2In(v+ 1) +IncC.
_ vt _ £t

=5 = (1-w)2 = Z[P] (1wt

Now, take the inverse Bayawa transform by using formula (11), we get:
v(t) = Cte®.
wy(0)=2=C=2 = y(t) = 2te.

Problem (3): Solve the differential equation: ty' —y' = 4t*, with the initial
condition: y(0) =1& y'(0)=0.
Solution: Applying Bayawa transform to give us:

Bity"} - B{y'} = B{4t?}

Ll -2z +r W -S2 LW -2L©0)+22(v) - v (1) = 8"

2v dv 2 dv

A _z = 3
= dv}i'[u}l FZ(U) 16v

which is a linear differential equation and it has the integrative factor: 4 = ;,%
= Z(v) =§u1°+ cv,
Now, taking the inverse Bayawa transform of the above equation yields:
y(©) =38+ B v} =y =it +cC.

wy(0)=1 = C=1 =  y(t)= gta + 1.

Problem (4): Solve the differential equation: t*y'" —ty' + v = 5, with:

¥(0)=5& ¥'(0)=3.
Solution: Taking Bayawa transform of the given equation which gives:
Bity"} - B{ty'} + By} = 5B{1}
PE )L T A3 T 5y T (A gy
4 M:Z(v] 2 m;Z[v] +6z(v)—v dw (3) 4 dv® (5) 4 dv® (3) (: m;ziv]

27 (v) ——5 — (5)) +2Z(v) =sv?
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-

= p? —
dv*

Z(v) — 11u£z(u)+352(u)=20u4. (I

Here, we will consider w = Z(v), which leads the Cauchy-Euler differential equation,
and also consider:

dw — d*w dw dwr e AW
v=e*=2x=lhv=s —=e¢ 'x(—_——),—=e r—_
dv= dx= dx dwv dx

Substitutions of above work in (I) gives us: ‘:T‘f —12 Z—‘: + 36w = 20e**, which has

the general solution: w = C,v®+ C,v®Inv+ 50

Note that if we require ¥(0) being finite, we are forced to conclude that C, = 0.
= Z(v) = C,v® + 5v*

Appling the inverse Bayawa transform yields: y(t) = C;t+5.
v y'(0)=3 = ;=3 = y(t) =3t + 5.
Problem (5): Solve the differential equation:
ty"+(1-2t)y'—2y=0; y0)=1&y'(0)=2
Solution: Applying Bayawa transform yields:
B{ty"}+B{v'}—28B{ty'}—-2B{v}=0

v

L2 - 22+ - SO -T2 @+ 22() - v () -2(3 520 -

27 (v) —*’— < (1)) —2z(v) =0

S (2-v)Lz@)- (2-2)z(») =0

= _ I':;_“d_:l u=1=0 = = |_:4—41,~~"j| v : Z(v) = u
dv r(1-2¢%) u w(1—-2p2)
Take synthetic division method, we will get:
bw’) a4, B, ¢ A=4, B=\2Z & C=—\2
v(1-222) »  1-4Zv  1+Zw
= d—”=Edu—:':_du—::_du
u v viv—1 vav+l
= nu=4nv — ln(w.."'iu — 1) — ln[:\."'fu + 1) +Inc.
'|4 '|4

= u=_EL_ = E[u]=_ﬁ_.

12" 1— 2=
From table (1), we have: v(t) = Ce™.

y0)=2=C=1 = y(t) = e™.
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8) Conclusion

The new Bayawa transform presents a novel and efficient approach to solving
ordinary differential equations with variable coefficients. This was discussed in this
paper and successfully applied to solve this type of ODE. We applied the Bayawa
transform to a number of problems, and all obtained solutions satisfied the given
equations. Further research into the applications and limitations of this transform
holds promise for advancing our understanding and solving complex differential

equations with variable coefficients.
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