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ABSTRACT

In this paper, we have established the inclusion relations for k-uniformly
starlike functions under the multiplier transformation I} operator. These
results are also extended to k- uniformly convex functions,
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1. Introduction.

Put V in the form:

fZ)=z+X,,a,2" (1)

Ad D={z€C(C |z] < 1}.
If f and g are holomorphicin D, we called °F is subordinate to @ , written °F < 0 or
°F(z) < d(2) .,
if there a Schwartz function o€ in D such that °F(z) = 8( (2)).
Forany 0 < y <1, k > 0, wedefine
UST (k,y),UCV (k,y),UCC (k,y,B)andUQC (k,y,B) the g-uniformly

subclasses as follows :

UST (k,y) = {f € V: ER(Z;((;) )>k i (Z)—1|} &)
UCV(ky)—{feV 9%(1+Z]’:((§) y)>k %} 3)

ucc (ky,p) = {f € v:3 g € UST (k, y)iR(Zf 2_y)>

@
k%—l“ @ -
UQc (ky.B) ={f ev:agevcv k), % (L2 —y) 2

g (@)
k| L@ 1|} (5)
g (@) ‘

For more details see [1].

Setting
Qk,y—{u+ivu>k\/(u—1)2+v2+y} (6)
where 19(2) Z}{((;) or 19( ) Z;,(g) and considering the functions

which maps D on to the conic domain Qk,y ,suchthat 1 € -Qk,y' we may rewrite the

conditions (2) or (3) in the form p(z) < Q- We introduce the function (j ,, asthe

following :
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We note that I} (I,il f (z)) = I},..f(2) forall integers m and n . The operators I}

are closely related to the Komatu integral operators [8] and the differential and
integral operators defined by Salagean[2]. We also note that I f(z) = zf'(z) and
I3 f(2) = f(2) the operator defined by Cho and Kim[5].

Next, using the operator I}, we introduce the following k-uniformaly class of
functionsfor 0< y <1, k=>0and 0< A:

UST (AL k,y) ={f € A: I}f(2) € UST (k,y);z € D} (11)
UCV (A k,y) ={f € A: I}f(z) € UCV (k,y);z € D} (12)
ucc (A k,y,B) ={f € A:I}f(z) e UCC (k,y,B);z € D} (13)
UQC (A, k,y,B) = {f € A:}}f(2) e UQC (k,y,B);z €D (14).
We also note that
f €UST (L k,y) & zf € UCV (A, k, ), (15)
feuccLky, B) < zf €UQC (A k,y,B). (16)

1. Inclusion properties

In the study we shall to prove some theorems involving operator I}, ; .
to prove main theorems, we shall need the following lemmas.
"Lemma 1[6]: Let B and y is complex, h is univalent convex in the open disk D,
where h(0) = cand R(Bh(z) +y) > 0. Let g(z) = ¢+ X,;—1 b,z™ be holomorphic
in D. Then

29 (2) "
9@ + 75 < h(2) > g(2) < h(2).

"Lemma 2[7]: Let h is convex in the open disk D and let A > 0. set B(z) is
holomorphic in D with R(B(z)) = A. If g is holomorphic in D and g(0) = h(0).
Then

Az%g" D + B(2)zg' @ + g(2) < h(2) = g(2) < h(2)."

Theorem 1. Let f(z) € V. If I}f(2) € UST(k,y), then I}, ,f(z) € UST (k,y).
Proof. Let I} f(z) € UST (k,y) and set

’

2(ih1f @)
9@ ="

Using (10) and (17), we have
Lifz) 92 +2
Ir/zl+1f(Z) R
Differentiating the Igst equation yields
Z(Ié+1f(z))

1,’}+1f(z)
from (8) we have

17)

(18)

_ 29’ (2)
=9(2) + 50 (19)

z9 (2)
0(2) + o577 < iy ()

By using (1) to (19) and Lemmal, we get 9(z) < gy, (2), hence
I1f(2) € UST (k,y).

Theorem 2. Let f(z) € V. If I} f(2) € UCV(k,y), then I}, f(2) € UCV(k,y).



ALQALA Issue(23) Sep 2024 2024 jucisw  (23) sl daldl) dlsa

11f @) € UST (k) © 2(11f (@) € UST(k,y)
o Iizf (2) € UST(k,y)
— I' zf (2) € UST (k,y)
o I f(2) € UCV(k,p).
and the proof of Theorem 2 is completed.

Theorem 3. Let f(2) € V. If I2f(2) e UCC(k,y,B), then I} f(z) e uCcC(k,y,B).
Proof. Since I} f(z) € UCC(k,y,B) by definition we can write
(I f@)
O (2)
for some k(z) € UST(k,vy). For g(z) such that I} g(z) = k(z) we have

D) o (. (20)

I+ g(2)
2(I}41f @)
Let h(z) = —I%ng(z)

zZ 4 z
and H(z) = Uine@)
1n+1g(z)
where h(z) and H(z) are analytic in U and h(0) = (0) = 1.
Now, by Theorem 1

I},,9(2) € UST(k,y) and R(H(2)) > — k+y

k+1'
Also, we note that

2(1af @) = (Iag@) b, @)

Differentiating both sides of (21) we have

2 r @) _2(lag®) ,
e B e R
= H(z)h(2) + zh'(2).
Now using the identity (10), we obtain
z (14 f (Z)) R @) 2@ (2) + AL (2f(2))
hhg(2) lhig(2) z (Ir/zl+1g(z)) + Mr/11+1g(z)

z(I} 41 (zf'(2))) /Ur/}+1 (zf'(2)
11/11+1Q(Z) n+1g(z)

( T)ll+1g(z))
I 19(2) 4
H(z)h(z) + zh' (2) + h(2)

H(z) + 1

zh' (z)
=h@)+755 H(z)+A

from (20),(21) and (22), we conclude that

N zh' (2)
S TORY

(22)

< Qk,y (Z)
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1
H(z)+A

m(B(Z)) = m 92()1 + H(Z)) > 0.

This inequality satisfies conditions in Lemma 2. Since
h(z) < qy, (z), completed the proof.

Let A=0andB(z) = we have

Theorem 4. put f(z) € V. If I} f(2) € UQC(k,y,B), then I}, f(2) € UQC(k,vy,B).
Proof. The proof of Theorem 4 similar that Theorem 3.

3. the closure properties of the operator F.
Now, we consider F,(z) [4],[3], which defined by

1 rz _
F(H) =SZ[fe7f(dt,  (c=0). (23)
Theorem 5. Set ¢ > %

If I12f(z) € UST(k,y), then I}F.(f)(z) € UST(k,y).
Proof. Let f(z) € UST(k,y) and set

l

z2(RE(H@)

LE(f)(@)
where, p(z) analytic in D. From (23), we get

2(IRE(H)@) = (c+ DI (2) — cF(F)(@). (24)
Then, by using (24) and we obtain

9(z) =

I f(2)
LEP(@)
By differentiation equatin (25) we, have

z (I,ff(z)) 29 (2)
Q) I(z) + @D +c iy (2). (26)

Hence, by virtue of Lemma 1, we conclude that ¥(z) < g, (2), which implies that
I Fc(f)(2) € UST (k, v).

9(2)+c=(c+1) (25)
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Theorem 6. Suppose ¢ > %

If I'f(2) e UCV (k,y), then I}F.(f)(2) € UCV(k,).
Proof. By applying (15) and Theorem 5, it follows that
f(z) € UST(k,y) & zf (2) € UST(k,y)
— E.(zf (2)) € UST(k,y) by Theorem 5
o z(F.(f)(2)) € UST(k,y)
o F(f)(2) e UCV(k,y)
which proves Theorem 6.

Theorem 7. Suppose ¢ > %

If If(z) € UCC(k,y,B), then I}F¢(f)(2) € UCC(k,y,B).
Proof. Let f(z) € UCC(k,y, B). Then by the definition of the class UCC(k,y, B)
there exists a function g(z) € UST (k, y) such that

2 (i)

gy~ er ()

Thus we set

e (HE(H@) o
Z) =
ILE.(f)(2)
where h(z) analytic in D. Since g(z) € UST (k,y) we see from Theorem 5
that F.(g)(z) € UST(k,y). Let ,

. 2(R(9)@) 28
D= E@® @9

where H(z) holomorphic in D where, R(H (z)) > ';% , from (27) we conclude

2(RE(H@) = @) (RE(9)(@). (29)

Differentiating both sides of (29) we obtain

’

A(BEEP@)  2(HE9)®@) ,
TE@@ | R O
= H(z2)h(z) + zh'(2). (30)

by using (24) and (30), we get
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’

2(Rf@) 2022 (H)(@) + czUPE(F @)’
9@ 2 (PE9®) + ()@

23z (@) | zUxF (@)
LiF.(9)(@) LiE.(9)(2)
2(F(9)(@) | .

I7F.(9)(@)
_ H(2)h(z) + zh (2) + ch(z)

H(z) +c
zh (z
= h(2) + 752 < iy (2). (31)
. 1 . . —(k+y)
Letting B(z) = o (31), we get R(B(z))>0if ¢ > 1
Hence, applying Lemma 2 for A and B as described we can show that
h(z)< qy,(2),s0 that I} F;(f)(2z) € UCC(k,v,B).

Theorem 8. Put ¢ > ﬂ.
k+1

If I;f(2) € UQC(k,y, B), then I;Fc(f)(2) € UQC(k,, B).
Proof. The proof of Theorem 8, we can get it by using Theorem 7.
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