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Abstract
The aim of this paper is to introduce and investigate some types of strongly connected sets

in topological spaces, including strongly g-connected sets, strongly semi-connected sets,

and strongly preconnected sets.
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1. Introduction and Preliminaries

The concept of strongly connected sets was introduced by Levine in [§],
where he defined and investigated strong connectivity and strong local
connectivity. Earlier, Levine in [6] and [7] introduced the concepts of
generalized closed sets and semi-open sets in topological spaces. The concept
of preopen sets was defined in [9]. Many topological concepts and properties
related to connectedness, semi-open sets, generalized closed sets, and preopen
sets have been defined and studied extensively by many topologists; see, for
example, [1, 3, 5, 10, 12, 13].

The purpose of this paper is to introduce some new types of strongly
connected sets in topological spaces using semi-open sets, generalized open
sets, and preopen sets. We study several important properties and prove
interesting results.

To state our theorems, we give some preliminary definitions. Throughout
this paper, X and Y denote topological spaces.

Definition 1. [8] Let A be a subset of a topological space X. A is said to be
strongly connected if A € U; or A € U, whenever A € U; U U,, U;,U, are

open sets.
Remark 1. [8] A strongly connected subset of a topological space is

connected.
Definition 2. A subset A of X is said to be:

(1) generalized closed (briefly, g-closed) [6] if A € U whenever U is open
and A € U. The complement of a g-closed set is called generalized open

(briefly, g-open).
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(2) semi-open set [7] if A € 4°, i.e., if there exists an open set V in X such that
V € A C V. The complement of a semi-open set is called semi-closed [4].

(3) preopen set [9] if A  (A)".

The collection of all semi-open sets, semi-closed sets, g-open sets, g-closed
sets in X will be denoted by SO (X),SF (X), GO(X),GF (X) respectively.
Definition 3. A function f: X — Y is said to be

(1) irresolute [5] (resp., g-irresolute [2], pre-irresolute [10]) if the inverse
image of every semi-open (resp., g-open, preopen) set in Y is semi-open
(resp., g-open, preopen) in X.

(2) g-continuous [2] if the inverse image of every open set in Y is g-open
in X.

2. Strongly g-connected Sets in Topological Spaces

Definition 4. A subset A of X is said to be strongly g-connected if A € U; or
A € U, whenever A € U; U U,, U;, U, are g-open sets.

Remark 2. A strongly g-connected set is both strongly connected and
connected. The converse is not true, as shown by:

Example 1. Let X = {1,3,5,6} andlet T = {q;, X,{1,3},{1,3,5},{3},{3,5}}, SO
Go(X) ={¢, X,{1,3},{1,3,5},{3}, {3,5},{1,5}, {5}, {1}}. The set A = {1,3} is
both strongly connected and connected, but A is not strongly g-connected.
Remark 3. If A is strongly g-connected and B € A, then B need not be
strongly g-connected, as shown in the following example.

Example 2. Let X =1{2,4,6} and let 71={¢ X {24},{2},{4}}, so
GO(X) =t and X is strongly g-connected. If B = {2,4}, then B € X and B is
not strongly g-connected.

Remark 4. 1f A and B are strongly g-connected subsets of X with AN B # ¢,
then A U B need not be strongly g-connected, as shown by:

Example 3. Let X ={1,3,4} and let T = {¢, X, {1},{1,3},{1,4}}, so
GO(X)=r1. Let A={1,3} and B={1,4}, so AnNB # ¢ and each of
A and B i1s strongly g-connected. But A U B = X, which is not strongly g-

connected.
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Theorem 1. If f: X —» Y is g-irresolute (resp., g-continuous) and E is a
strongly g-connected set in X,then f(E) is strongly g-connected (resp.,
strongly connected) in Y.

Proof. If f(E) is not strongly g-connected in Y, then f(E) <€ V; UV, for
some g-open sets Vi, V, and f(E) €V, f(E) €V,. But then
Ecfrtwvpur v, and E¢ftv), EZf YV, where
Y, f1(v,) are g-open in X since f is g-irresolute. Therefore, E is not
a strongly g-connected set in X. The proof of the second part follows along
the same lines.

Corollary 1. Strong g-connectedness is preserved by g-irresolute surjections.

A space X is strongly g-connected if it cannot be expressed as the union
of two proper g-open sets. Equivalently, X is strongly g-connected if any two
g-closed sets in X intersect. From this definition, the proof of the following

results follows immediately.
Theorem 2. If X is strongly g-connected then

(1) X has at most one g-closed singleton.

(2) X is not a T; space, so X is also not Hausdorff.

(3) X is normal space.

(4) The only subsets of X both g-closed and g-open are ¢ and X.

Remark 5. 1f t; € 1, and if (X, 75) is strongly g-connected, then (X, 7;) is not
necessarily strongly g-connected. This is illustrated in the next example.
Example 4. Let X = {1,3,5} and let 7, be the indiscrete topology, so GO, (X)

is the power set of X. Lett, = {cj),X, {1}, {3},{1,3}}, s0 GO,(X) = 1. Now,

T; € 1, and (X, T5) is strongly g-connected but (X, ;) 1is not.

3. Strongly Semi-connected Sets
Definition 5. A subset A of X is called strongly semi-connected if A € U;

or A € U, whenever A € U; U U,, U;, U, are semi-open sets.

Remark 6. Every strongly semi-connected set is both strongly connected and
connected. The converse is false as shown by:

Example 5.  Let X ={1,2,3,4} and 7 ={9,X,{1,2},{1,2,3},{2},{3,2}},
SO sox) ={¢,X,{1,2},{1,2,3},{2},{3,2},{2,4},{1,2,4},{3,2,4}}. If
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A ={2,3,4} then A is strongly connected and connected but not strongly

semi-connected.
Remark 7. If A and B are strongly semi-connected in X and A N B # ¢, then

A U B need not be strongly semi-connected, as shown by the next example.

Example 6. Let X ={1,3,56} and T = {¢~, X,{S,ﬁ}}, so we have
S0(X) = {¢,X,{5,6},{1,5,6},{3,56}}. If A={156}, B={36}, then
Aand B are strongly semi-connected and AN B # ¢; but AUB is not

strongly semi-connected.

The proof of the following theorem follows along the same lines as in
Theorem 1.
Theorem 3. If g: X — Y is irresolute and E is a strongly semi-connected set

in X, then g(E) is strongly semi-connected in Y.

A space X is strongly semi-connected if it cannot be expressed as the

union of two proper semi-open sets. Now, we have the following theorem.
Theorem 4. A space (X, T) is strongly semi-connected if and only if either T

is the indiscrete topology or T = {¢, X, X\{a}} for some a € X.

Proof. If |X| < 3, the proof follows immediately; so suppose that |[X| = 3. If
T = {¢, X} then SO(X) = {¢,X} and if T = {¢, X, X\{a}} for some a € X,
then SO (X) = {¢,X, X\{a}}; so in both cases, X is strongly semi-connected.
Now, if the condition above does not hold, so |t| = 3 and T # {¢, X, X\{a}},
then there is a proper open subset U of X such that U # X\{a} for any a € X.
So we have two cases:

(1) If U + X, then U is a semi-open proper subset of X since U € U € U.
Since U° is also semi-open and X = U U U, X is not a strongly semi-

connected space.
(2) If U =X, then for any y € U we have U € X\ {y} € X, so X\ {y} is

semi-open. Therefore, X = X\ {a} U X\ {b} for some a,b € U and X is not

strongly semi-connected.
Theorem 5. If A is a strongly semi-connected set in X, then the subspace

(A,1,) 1s strongly semi-connected.
Proof. Suppose (4,7,) is not strongly semi-connected, then 4 = W; U W, for
some proper semi-open sets Wy, W, € 74. But W, =AnV,and W, = ANV,
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for some semi-open sets V;,V, in X, and A €V;, A €V,. Since
A S V; UV, it follows that A is not a strongly semi-connected subset of X.
Corollary 2. If 4 is a strongly semi-connected set in X, then (4,7,) is either
the indiscrete space or 74 = {¢, A, A\{a}} for some a € A.

Remark 8. The converse of Theorem 5 is not true in general, as illustrated
by:

Example 7. Let X =1{1,2,4,5} and let 7 = {(f),X,{l,Z}}, so we have
SoX)=1{¢,X,{1,2},{1,2,4},{1,2,5}}. If A={4,5}, then (A, 74) is the
indiscrete space, so it 1is a strongly semi-connected space. But
A ©{1,2,4}u {1,2,5} and each of {1,2,4} and {1,2,5} is semi-open, so A is

not strongly semi-connected as a subset of X.

4. Strongly Preconnected Sets
Definition 6. Let A be a subset of X. A is strongly preconnected if it satisfies

the condition: if A € U; UU, and U,, U, are preopen sets in X then either
AcUjorACU,.

Remark 9. Every strongly preconnected set is strongly connected and
connected. The converse is false as shown by:

Example 8. Let X ={1,2,45} and 7 = {¢, X,{1,2},{1,2,4},{2},{4,2}}. If
A = {2,5,4}, then A is strongly connected and connected but not strongly
preconnected, since A € {1,2,5}U {2,4} and each of {1,2,5}and {2,4} is
preopen set.

Remark 10. If A and B are strongly preconnected sets in X and A N B # ¢,
then A U B need not be strongly preconnected as shown by :

Example 9. Let X = {1,2,4,5} and T = {(j),X, {4}}. If A={1,4}, B={24},
then A and B are strongly preconnected and AN B # ¢. But AU B = {1,2,4}
which 1s not strongly preconnected, since there are preopen sets
{2,4,5}and {1,4} with AUB < {2,4,5}U {1,4}.

Theorem 6. If f:X — Y is pre-irresolute, then the image of any strongly
preconnected set in X is strongly preconnected in Y.

Proof. The proof follows in a similar way as in Theorem 1.

A space X is strongly preconnected if it cannot be written as the union of

two proper preopen sets. Now, we have the following theorem.

~
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Theorem 7. A space (X, 1) is strongly preconnected if and only if T is the

excluded point topology.
Proof. If T is the excluded point topology, then the family of all preopen sets

in X is 7. Obviously, X is strongly preconnected. Conversely, if T is not the
excluded point topology, then either X is the discrete space, which is not
strongly preconnected, or there exist distinct points a,b € X such that {a}
and {b} are not open. In this case, each of X\{a} and X\{b} is either open or
dense. So, each of X\{a} and X\{b} is preopen set in X with
X\{a}u X\{b} = X. Therefore, X is not strongly preconnected.

Remark 11. 1f A € X and the subspace (4, 7,) is strongly preconnected, then
A need not be strongly preconnected as a subset of X. We illustrate this by the

following example.
Example 10. Let X = {1,3,4,5,6} and let T be the topology on X defined

as T = {&,X,{3},{1,3},{5,6},{3,5,6},{1,3,5,6)}. If A = {3,4,5}, then (4,7,)
1s the excluded point space so it 1is strongly preconnected. But
A € {3,4,6}U {3,5} and each of {3,4,6} and {3,5} is preopen subset of X.

Hence, A is not strongly preconnected as a subset of X.

5. Conclusion

In this research, some new types of strongly connected sets were defined
and studied using different types of open sets. Other forms of strong
connectedness could be studied using other kinds of open sets, such as semi-
g-open sets or semi-preopen sets.
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